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ABSTRACT 

 

We suggest a model based on Poisson processes to estimate joint credit losses without the 

limitations of normality assumptions and compatible with some levels of negative correlation. 

Idiosyncratic and systematic risks are seen as “shocks” and defaults are driven by a latent 

variable (loans’ lifetimes). The method is applied to the calculation of capital to cover 

unexpected credit losses in financial institutions and its implementation is relatively simple. 

Simulations show that the general model yields satisfactory estimations of simultaneous credit 

losses and its application to capital assessment outperforms the current approach (Basel Accords 

II and III) in some scenarios even when the alternative method is calculated at lower levels of 

confidence. 
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1  INTRODUCTION 

“Do not go where the path may lead, go instead where 

there is no path and leave a trail.” (Ralph Emerson)  
 

It is well known that, due to the dependence (correlation) across asset returns, the total risk of 

portfolios is usually different from the simple sum of the risk generated by individual assets.  

Concerning credit risk, factor models assume that assets are impacted by systematic and specific 

risks and the mentioned correlation results from the association between latent variables (log-

returns of debtors’ assets) driven by the systematic portion of the risk. The formula used to 

represent the latent variables in these models is an application of a property of equicorrelated 

jointly normal variables and therefore its results are conditional on the assumption that a ll 

variables involved in the calculation are normally distributed. However there are many studies in 

the literature showing that asset returns do not follow the normal distribution.  

In order to avoid the assumption of normally distributed variables, we apply Poisson processes to 

estimate joint credit losses. It is also used the idea that the dependence between asset 

performances is driven by latent variables which are interpreted as asset “lifetimes” or “time 

until default”.  

By considering systematic and idiosyncratic risks as independent “fatal shocks”, we can use 

Poisson processes to represent the arrival time of these shocks which, in turn, is equivalent to the 

assets’ lifetimes. It should be noted that negative shocks in this context are equivalent to 

“impulses” that lengthen asset lifetimes.  

The estimation of joint survival probability of systems that receive two types of shocks (specific 

and general) following Poisson processes leads to the Marshall-Olkin Copula. Thus, the joint 

probability of asset lifetimes being below specific levels can be calculated by combining the 

Poisson assumptions and the Marshall-Olkin Copula. 

Simulations demonstrate that, even for normally distributed variables, the suggested model 

yields results comparable to those from models that assume normal distributions and 

dependence. 

From the general model suggested, we derive a formula to estimate the probability of joint losses 

in extreme scenarios which can be used to calculate the capital to be held by financial institutions 

to cover unexpected credit losses.  
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The comparison between unexpected losses estimated by Basel formula and the Poisson-based 

model revealed that the latter outperforms the former in most of the cases and the success rate of 

estimations for each loss distribution (and its respective parameters) varies according to the 

confidence level chosen. 

The remainder of the paper is split into four sections. Some concepts necessary to the 

development of the proposed model are presented in Section 2. Next, the Poisson-based model is 

derived and some simulations confirm its efficiency. In Section 4, the model is adjusted to 

calculate unexpected credit losses and simulations show that it outperforms Basel formula in 

some scenarios that may represent real credit portfolios. Section 5 contains final comments and 

possible extensions.   

 

2  SOME USEFUL CONCEPTS AND DEFINITIONS 

2.1  Copulas 

Copulas are functions that link univariate distributions to the multivariate distribution of the 

related variables: 

))(),((),( yGxFCyxH YX  

 

Due to the “Probability Integral Transformation”, FX(x) and GY(y) result in variables uniformly 

distributed in (0,1). So, the copula C links uniform variables to a multivariate distribution that, in 

this example, gives Pr[X<x,Y<y], the probability that the random variables X and Y are 

simultaneously below x and y. Such uniform variables are associated with the quantiles of the 

distributions FX and GY. Thus, copulas are valid for any type of distribution. 

The probability that the variables are above specific points can be estimated by means of the 

survival copula, represented by Ĉ : 

   

))(),((ˆ),Pr()()(1),Pr( yGxFCyYxXyGxFyYxX YXYX   

 

where )(1)( xFxF XX  , and  )(1)( yGyG YY  . Introductory explanations on Copula Theory 

can be found, for instance, in the classical textbooks Joe (1997) and Nelsen (2006).  
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2.2  Poisson processes and related copulas 

Poisson processes are widely used to represent the “arrival time” of independent shocks that 

affect components of a system. Such shocks may be non-fatal or fatal depending on whether the 

components survive or fail, respectively. The “waiting time” until the next shock is assumed to 

be exponentially distributed and the processes are characterized by an intensity parameter  that 

indicates the expected number of events (shocks) per period. 

Considering the case of fatal shocks, it is clear that the time of the shock represents the lifetime 

of the component affected. So, if the shocks are independent we can use Poisson processes to 

estimate components’ lifetimes.  

Consider a system with two components as an example (a two-dimensional Poisson process). 

They are subject to “shocks” that may be fatal to one or both components. This could be the case 

of a small factory with two machines: one of them may fail owing to a problem in that specific 

machine or both may stop working if the factory has a general problem.  

Let T1 be the lifetime of component 1 and T2 the lifetime of component 2. If we are interested in 

estimating the probability of both components (machines, e.g.) “surviving” beyond a particular 

time t we need to calculate Pr[T1 > t, T2 > t]. 

More specifically, consider two components with lifetimes T1 and T2 that may “suffer” three 

independent shocks whose times S1, S2, and S12 are exponential random variables with positive 

parameters (occurrence rates) 1, 2, and 12 that affect, respectively, only component 1, only 

component 2, and both of them. 

The calculation of Pr[T1 > t1, T2 > t2] leads to the Marshall-Olkin Copula defined as (see 

Marshall and Olkin, 1967 and Nelsen, 2006, Chapter 3): 
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where (.)F  indicates a cumulative distribution function, )(1)( 11 11
tFtFu TT  , 

)(1)( 22 22
tFtFv TT  , )/( 12112   , and )/( 12212   . The notation Ĉ  is used to 

highlight the fact that this family is a Survival Copula (defined in Section 2.1). 

[ 1 ] 
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This copula gives the probability of T1 > t1  at the same time that T2 > t2  and when α = β (i.e. 

1 = 2), the dependence corresponds to the Cuadras-Augé Copula (Cuadras and Augé, 1984): 
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where the same notation of [1] applies. 

 

2.3  Factor models 

Factor Credit Models, such as CreditMetrics and KMV, presume that the correlation across 

defaults is driven by latent variables (asset log-returns of obligors). Such variables are impacted 

by common (systematic) factors that affect all obligors and specific (idiosyncratic) factors that 

have effect only on the respective borrowers.  

The idiosyncratic factors are independent from one another and therefore do not contribute to 

asset return correlations which are exclusively determined by the systematic factors (see Crouhy 

et al., 2000). 

This model can be simplified if we consider that the asset returns of all borrowers are driven by 

only one common factor (the “economic status”).  The latent variable (Y), the single factor (X), 

and the specific factor () are assumed to be standardized normally distributed. Also, each 

idiosyncratic risk is uncorrelated with the systematic risk and the specific risks of all other 

obligors. For simplicity, each pair of asset returns is considered to present the same correlation 

(ρ).  

Owen and Steck (1962) show that equally correlated and jointly standard normal variables can be 

expressed as a function of their correlation coefficient and two other standard normal variables. 

Thus, considering all assumptions of factor models, in the case of a single common risk, the 

latent variable Y for a debtor i may be expressed as a function of X, , and ρ, namely: 

   

  1ii XY  

 

[ 2 ] 

[ 3 ] 
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where   and 1  indicate how much of the variability of Yi is explained by X and  i, 

respectively.  

Apart from the doubtful presumption of normal behavior for some of these variables, the use of 

the linear correlation coefficient is a limitation since it does not capture asymmetric dependence 

which could indicate that some variables are more or less connected in certain scenarios (see 

Embrechts et al., 2002). Furthermore,  is restricted to positive values. 

 

2.4  Basel Accords 

The capital required to cover unexpected credit losses was defined in Basel II (and kept in Basel 

III) as: 

 

MaturitypdKLGDMaturitypdLGDKLGD AVAV *)](*[*]**[ 
 

 

where LGD is the loss given default; pdA is the expected (average) probability of default; 

Maturity is the maturity of corporate loans. Since the model suggested in this paper replaces only 

the term KV, the maturity formula will not be presented here. For details, see BCBS (2005, 2006).  

KV gives the default rate and is derived directly from [3] which results in1: 

 


























1
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where N and N-1 represent the standard normal distribution and its inverse respectively.  ρ  and  

pdA are defined as before. The correlation (ρ) between returns of obligors’ assets is fixed for 

some classes (revolving, 0.04 and mortgage, 0.15). For other retail credit and corporate loans, it 

is calculated as a function of PD and (for corporate debt) the size of debtors. The formulas are 

presented in BCBS (2005, 2006). N-1(0.999) gives the confidence level (99.9%) of the default 

rate in an extreme economic scenario.  

 

 

                                                                 
1
 See, for example, Schönbucher (2000) and Perli and Nayda (2004).  

[ 4 ] 

[ 5 ] 
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2.5 Suggestions for the estimation of joint credit losses and for Basel Accords  

Some models have been suggested in the literature to relax the assumption of normality in the 

calculation of the probability of conjunct defaults. Bluhm et al. (2002), Hull and White (2004) 

and Kang and Shahabuddin (2005) relax the assumption of normality for the variables in [5] and 

propose an expression that keeps a similar dependence structure but with different univariate 

distributions that can capture, for instance, higher occurrences of extreme events than the normal 

distribution does. Their approach implies the relationship across the latent variables and the risk 

factors described in [3] since this expression is used to derive [5]. See, e.g., Schönbucher (2000) 

and Perli and Nayda (2004). 

A few models have been developed with the support of Poisson processes in the credit risk area. 

The CreditRisk+ model, for example, assumes that the probability of default follows the Poisson 

distribution but the method adopted to derive losses at the portfolio level is different from the 

technique we will develop in the next sections and does not employ the concept of copula (see 

CSFBI, 1997 and Crouhy et al., 2000).  Lindskog and McNeil (2001) suggest the application of 

Poisson processes to model credit risk but they focus on different questions, especially the 

impact of the ratio of idiosyncratic and systematic shocks on the tail of the total loss distribution.  

As for the estimation of extreme credit losses in Basel Accords, some studies have presented 

alternative models but none of them makes use of Poisson processes. Kupiec (2007), for 

instance, shows that the method adopted in Basel underestimates the capital needed to achieve 

the regulatory target (confidence of 99.9%). His model is based on an expression like [3] above 

and on the Gaussian structure. The paper also points out that ambiguities concerning one of the 

parameters considered in Basel, the loss given default (LGD), lead to miscalculations of the 

capital needed to cover unexpected losses. Kupiec (2008) includes correlated stochastic 

exposures at default (EAD) and loss given default (LGD) in the single factor model to estimate 

credit losses. Each of the variables of interest (PD, EAD and LGD) is associated with a specific 

latent variable that follows the structure given in expression [3], which implies that all latent 

variables are implicitly assumed to be normally distributed (see Section 2.3 above).  

Moreira (2010) uses univariate survival distribution functions of the probability of default (PD) 

to represent the distributions of the correspondent latent variables. Thus latent variables’ 

distributions are employed in a copula approach to estimate unexpected losses. Since the 

calculations use quantiles and copulas, the assumption of normality is relaxed. This approach is 
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computationally intensive since it typically does not result in closed form solutions and therefore 

demands the use of numerical root finding algorithms. Moreira (2011) estimates joint extreme 

credit losses in downturns by means of conditional distributions derived from copulas that denote 

asymmetric dependence. The last two approaches mentioned keep the conventional view on the 

latent variables (returns of obligors’ assets) and are compatible only with absolutely continuous 

differentiable copula families, which is not the case of the copulas presented in Section 2.2 

(Marshall-Olkin and Cuadras-Augé).  

So, to sum up, few methods for conjunct losses use Poisson processes and suggestions for Basel 

rely on the structure for the latent variables represented in expression [3]. As we will show 

below, the key point in our suggested model will be a new setup of the latent variables that drive 

defaults which will allow us to assume a specific distribution (exponential) for such variables 

and to apply Poisson processes and the copulas mentioned in Section 2.2 to model joint credit 

losses. Moreover, this paper focuses only on PD and not on the other Basel parameters (LGD and 

EAD). 

 

3 A GENERAL MODEL TO ESTIMATE JOINT PROBABILITIES OF DEFAULT 

BASED ON POISSON PROCESSES 

3.1  The model 

Consider that joint defaults result from the dependence between latent variables represented by 

the “time until default” (lifetimes) of assets, T. The probability of default, PD, is the likelihood 

that a “fatal” shock will happen in a specific time (“unit time”, u, to use Poisson’s terminology): 

 

T

u
PD   

 

For example, let u = 1 year and T = 20 years.  In this case, PD = 0.05 indicating the probability 

that the default will occur in the next year. In fact, T is a latent variable and must be inferred 

from PD (which we presume can be accurately estimated by lenders2). As stated in Section 2.5, 

                                                                 
2
 As a frequency of defaulted assets in a portfolio (in a specific period) or deduced from ratings for individual assets 

(debt issuers). So, this Poisson approach considers given default probabilities and the estimat ion of PD is out of the 

scope of this paper. 

[ 6 ] 
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our interpretation of this latent variable (lifetime T) is an innovation since the literature usually 

interprets the latent variables that drive defaults as returns of obligors’ assets.  

Note that PD and T are random variables and thus both may oscillate. Whenever T increases 

(decreases), PD decreases (increases) for a fixed unit time. Therefore the probability of PD being 

greater than a specific level, pd, is equal to the probability of asset lifetimes being smaller than 

the lifetime, t, correspondent to that PD value.  

Figure 1 shows this equality. The shaded areas are equal to each other so that Pr[PD>pd] = 

Pr[T < t] and therefore high values of pd are associated with low asset lifetimes (and vice versa). 

Bear in mind that both distributions are merely illustrative since the lifetime distribution will be 

defined ahead according to Poisson model specifications and the loss distribution will be kept 

unknown. 

Also, note that if the cumulative area until pd is p, pd is the p th percentile of the PD distribution, 

the area below t is 1 – p and t is the (1 – p)th percentile of the asset lifetime distribution.  

 

[Insert Figure 1 here] 

This means that the likelihood of PD being above (below) a specific p
th

 percentile of the loss 

distribution is equal to the probability of the asset lifetime being below (above) the (1 – p)th 

percentile  of the latent variable distribution.  

Knowing the shape of the cumulative distribution FPD(pd) is irrelevant; we just need to define 

the level of unfavorable scenarios (high PDs) we will test, which is represented by the area 

above pd in Figure 1.  

As it is the case in factor models, we assume that each asset faces systematic and independent 

idiosyncratic risks (shocks). Defaults will occur when these shocks are “fatal” 3. For an asset i, Ti 

will be its lifetime, Ii will be the time in which the fatal idiosyncratic shock happens and Si  the 

time of the systematic shock. So, Ti = min(Ii, Si). 

The joint probability of lifetimes of two assets i and j being shorter than a particular period t is 

expressed as Pr[Ti < t, Tj < t]. This will occur only if the idiosyncratic shocks of both assets are 

shorter than t or if the systematic shock happens before that time. Since the specific shocks are 

                                                                 
3
 Since the focus is on defaults, non-fatal shocks (causes of downgrade of the loans, i.e. reduction of credit quality) 

are not considered in this study.  
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independent, we can infer that the probability of joint defaults caused by conjunct idiosyncratic 

reasons is negligible for large portfolios in short intervals of time. It is not plausible that many 

companies will be affected by, e.g., “bad management” at the same time (in the case of corporate 

debt) or people will have personal problems at once (in the case o f retail loans). Therefore, the 

analysis of joint default in portfolios should concentrate on the systematic portion of the risk.  

We are concerned about situations in which several assets present “high” PDs simultaneously 

but we are not able to calculate these joint occurrences since we do not know the loss 

distribution. Based on all prior assumptions, it is reasonable to assume that shock times (and 

therefore assets’ lifetimes) follow Poisson processes implying that those variables are 

exponentially distributed. Thus, we can find the joint probability of “low” potential asset 

lifetimes and use it as a proxy for the joint probability of “high” PDs. In the case of two assets, 

for example, we should calculate Pr[Ti < t, Tj < t], i.e. the probability that the lifetimes of assets 

i and j will be smaller than t. 

For assets i and j, the Marshall-Olkin copula, 
jiTC

,

ˆ , gives Pr[Ti > ti, Tj > tj] but we are interested 

in Pr[Ti < ti, Tj < tj]. As the bivariate survival copula ))(),((ˆ
jTiT tFtFC

ji
 Pr[Ti > ti, Tj > tj]  

can be written as  )()(1 jTiT tFtF
ji

 Pr[Ti < ti, Tj < tj], we have: 

  

1ˆ],Pr[),(
,,


jijiji TTTjjiijiT CFFtTtTttF  

 

where ),(
, jiT ttF

ji
 is the joint distribution of Ti and Tj evaluated at ti and tj. 

TF , which represents the respective marginal (exponential) cumulative distribution functions 

(cdfs) of lifetimes of assets i and j, is given by 
tsystidioe

)(
1

 
  where idio and syst  are the average 

(expected) intensity of idiosyncratic and systematic fatal shocks, respective ly. 

So, the complete expression, derived from [7] using [1], is: 
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[ 8 ] 

[ 7 ] 



11 

 

where 
i
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 , and the term min(.) corresponds to the 

copula 
jiTC

,

ˆ  in [7], in this case, a Marshall-Olkin Copula associating 
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i
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t

TT eFF
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1
 

 .  

In this model, we consider only cases where T  u, i.e. the asset lifetime is not allowed to be 

smaller than the period analyzed. So, for example, if we are studying the probability of default in 

the next two years (u = 2), the shortest expected asset lifetime T is 2. Based on [6], this 

constraint implies that   (0,1] for u > 0. For instance, in the example given just after [6], when 

u = 1 year and T = 20 years, we expect a “0.05 shock” in year 1 (i.e.  = 0.05). Therefore  is 

usually non- integer (the only exception is  = 1 when T = u) and corresponds to the probability 

of default (PD) of an asset in the period specified. This fractional  does not affect the use of the 

Poisson model given that there is no requirement concerning integer intensity parameters. Note 

that the default for each asset may be caused by a specific shock (represented by idio) and/or a 

general shock (syst). So,  = idio + syst and, as    (0,1], idio + syst  must always be in the 

range (0,1]. 

We do not need to distinguish idio and syst  because we are interested in the PD itself (which is 

equal to  = idio + syst) regardless of its cause but knowing the ratio syst /(idio + syst) is 

essential to calculate the joint default probability. This term indicates the proportion of conjunct 

defaults caused by systematic shocks and corresponds to the copula parameters  and  

presented in [1] and [2].  

As said before, virtually all joint defaults in “large” portfolios in a short period are triggered by 

systematic factors. Thus, all simultaneous credit losses will reflect a certain association among 

assets’ lifetimes (the copula parameter, in this case). Since both copulas described in Section 2.2 

are not absolutely continuous, we cannot apply the maximum likelihood techniques described, 

for example, in Cherubini et al. (2004) and McNeil et al. (2005) because those techniques use 

density functions and therefore demand the derivation of the copulas.  

To solve this problem, we will use an association between the ratio syst/(idio + syst) and two 

popular measures of dependence: the linear correlation coefficient () and the Kendall’s tau (). 

Edwardes (1993) showed that for a pair of exponentially distributed variables i and j with 

Marshall-Olkin dependence and shock intensities 
i

idio  , 
j

idio  and syst: 



12 

 

 

syst

j

idio

i

idio

syst







  

 

where i

idio  and j

idio  are the intensity of idiosyncratic shocks against loans i and j, respectively, 

and syst  is the systematic shock. From Section 2.2., we know that, in this case, the two 

parameters of the Marshall-Olkin copulas are given by )/( syst

i

idiosyst    and 

)/( syst

j

idiosyst   . So, we are associating  with the proportion of systematic shocks out 

of all the shocks suffered by loan i and   with the proportion of systematic shocks out of all the 

shocks received by loan j. 

Taking loan i as an example, if we calculate the ratio between  and  by using [9], we have: 
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As said before, the total intensity of fatal shocks against an asset or a loan represents its 

probability of default, that is, idio + syst = λ = PD. Since these shocks refer to expected (average) 

intensities, they are related to expected (average) probabilities of default which we represent 

as Apd . Using this for loans i and j in the above expression, we get: 
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Given that syst

i

idio

i

Apd   , the second term in the parenthesis above, 
i

Asyst pd/ , is equal to 

)/( syst

i

idiosyst    which, in turn, is the definition of the copula parameter . By substituting 

that term with   and solving the resultant expression for , we find a straightforward association 

between  and  (which also involves the ratio j

Apd / i

Apd ): 

 

)1(

1






















i

A

j

A

pd

pd

 

 

The corresponding expression for    is: 
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where the difference from   in [10] is the ratio i

Apd / j

Apd  instead of j

Apd / i

Apd . 

In accordance with [9], expressions [10] and [11] are also valid for the Kendall’s tau,, between 

the latent variables.  

Note that  and    are undefined when  = -1 and  =  = 0 when  = 0. The special cases where 

 =  =    and where   =  =    happen when  = j

Apd / i

Apd  and   = i

Apd / j

Apd , respectively. 

In principle, 0    pdi/pdj for   and 0    pdj/pdi for   such that the parameters  and   of 

the Marshall-Olkin Copula remain restricted to nonnegative values smaller than or equal to 1, i.e. 

0    1 and 0     1. As we will see in Section 4.2, the upper bounds for   (i.e. the ratios 

between pdi and pdj) do not impair practical applications of this model since the correlation 

across latent variables (and, therefore, across loans’ performances) is usually no greater than 0.16 

for retail credit4. Thus, for instance, if  = 0.04, this model is still consistent even if one of the 

PDs is (up to) 20 times greater than the other one. For  = 0.16, this approach is compatible with 

PD ratios up to six. 

                                                                 
4
 Besides being no greater than 0.24 for corporate loans. 

[ 10 ] 

[ 11 ] 
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After we replace the intensity shocks λ with the associated elements pdA,  and  , [8] becomes 

more intelligible: 
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where i

Apd  and j

Apd  are the expected (average) PDs of assets i and j, respectively. The 

parameters of the Marshall-Olkin Copula,  and  , are given in [10] and [11], respectively.  

Recall that FT(ti) = 1 – FPD(pdi) and thus Pr[T < ti] = Pr[PD > pdi]. In other words, this means 

that the area below ti  in the lifetime distribution is equal to the area above the related pdi in the 

PD distribution. The cumulative (exponential) distribution of T, with parameter λ = pdA and 

evaluated at t, is given by tpd

T
AetF

)(
1)(


  which entails )(1

)(
tFe T

tpdA 
 .  

So, if pdi and pdj are the default probabilities of assets (loans) i and j respectively, 

)()(1
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. Therefore [12] 

becomes: 
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with  and   defined in [10] and [11], respectively, as function of the ratios between the 

probabilities of default and the correlation between the latent variables.  

We do not need to know the PDs’ distributions to use [13] as we can estimate FPD(pd) for each 

asset by means of 1 – FT(t) given that pd and t are associated via equation [6] and FT(ti) and FT(tj) 

can be calculated by applying the formula of the (assumed) exponential distribution with 

parameter λ = pdA (i.e., the given average PD). So, for any pd, we should calculate the 

correspondent t by using [6] and assuming that the average PD, pdA, is associated with the 

average asset lifetime, tA (such that the exponential distribution parameter λ = 1/tA = pdA for unit 

time = 1). Then, we can find FT(t) and calculate FPD(pd) as 1 - FT(t) which should be plugged 

into [13]. 

[ 12 ] 

[ 13 ] 



15 

 

A simpler way to apply [13] is to use it to compute the likelihood that defaults of two assets, i 

and j, will be simultaneously above their respective quantiles, pdi  and pdj, which is equivalent to 

the joint probability of their related latent variables (asset lifetimes) being below ti and tj since 1 

– FPD(pdi) = )( iT tF  and 1 – FPD(pdj) = )( jT tF , respectively. For example, it can give the 

likelihood that i’s and j’s PDs will be above their respective 90th historical percentiles at the 

same time (FPD(pdi) = FPD(pdj) = 0.90)5. In this case, their lifetimes will be below their 

respective 10% worst (smallest) historical values (1 – FPD(pdi) = FT(ti) = 1 – FPD(pdj) = FT(tj)  = 

0.10). We describe this procedure because it is simpler than transforming pd into t to find 

FPD(pd) = 1 - FT(t) and this simplified approach will suffice to derive a formula related to capital 

adequacy in financial institutions (see Section 4).  

If we assume that a pool of assets presents a homogeneous behavior (namely, alike univariate 

distributions and equal correlation with the other assets), this approach can be easily applied to 

portfolios with multiple assets. Under these conditions, the likelihood of a particular event for 

any pair will be the likelihood of that event for the whole portfolio.  For example, consider a 

portfolio composed of 10 homogeneous loans in which the probability that any two of these 

loans present PD simultaneously higher than 0.25 is 5% (i.e. 5% of the time, we observe PD > 

0.25 for both loans in any pair). Due to the (assumed) similarities among the loans, all 45 

possible pairs formed by the 10 loans tend to have concurrent PD > 0.25 in the same (5%) 

periods. Thus, 5% of the time (in the same periods), each loan will have PD > 0.25 and, 

therefore, the probability that the 10 loans have concurrent PD higher than 0.25 is 5% (the value 

previously calculated for each pair).  

Albeit these assumptions (same distribution and equicorrelation) are not realistic, they are 

necessary to guarantee the tractability of the suggested Poisson model in real portfolios and are 

also used in Basel Accords and in other studies such as Vasicek (2002) and Kupiec (2007). 

 

3.2 An extension to negative dependence 

Although  and   in the equations above are initially constrained to the range [0,1], this Poisson-

based model can be extended to “negative systematic shocks” (negative syst) and therefore it has 

the advantage of being compatible with some levels of negative dependence between the latent 

                                                                 
5
 This formula can be also used to estimate the probability that two portfolios will have, at the same t ime, default 

rates above specific levels. 
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variables. Negative ratios syst /(idio + syst), i.e. negative copula parameters ( and ), result 

from negative systematic shocks and can be interpreted as impulses to assets’ lifetimes.  

In this case, the link between the latent variables (the term min(.) in equations [8], [12] and [13]) 

is not a copula anymore since it does not satisfy one of the three basic properties of copulas (see 

Nelsen, 2006, p. 10)6. Nonetheless, this does not compromise the calculation of the probability of 

joint losses given that, as exemplified by Nelsen (2006, pp. 33:34), there exist some functions 

that are not copulas but are closely related to them and can express probabilities of events as 

well. We see expression [13], when  and/or   are negative, as one of those functions7.  

In this fashion, when syst < 0, opposite shocks may offset one another provided that  PD (=   = 

idio + syst) is kept in the interval [0,1], i.e the total shocks (= idio + syst) are still positive and 

comply with the Poisson process condition related to the parameter being positive and with the 

possible values for PD. This happens when economic conditions (systematic shocks) are so 

favorable that they reduce the effects of individual shocks8. This indicates that systematic and 

idiosyncratic shocks present some correlation. For some types of shocks, this relationship is 

straightforward. This is the case of the usual negative correlation between the economic 

environment (systematic factor) and the possibility of a debtor losing his/her job or a company 

going bankrupt (idiosyncratic factor). In extremely favorable scenarios, if an obligor is axed, he 

or she can find another job more easily than in periods of normal economic activities, so this is 

an example of an idiosyncratic shock that does not tend to result in default due to a systematic 

“impulse” (economic upturn). For other idiosyncratic shocks, such as obligors’ sicknesses or the 

death of a company’s CEO, the direction of this correlation (if existent) is not clear. We do not 

intend to investigate this issue here and it is left for further research. We just point out the 

importance of this situation for credit risk management which intuitively reduces the probability 

of default and can be captured by the Poisson model.  

From [10] and [11], we infer that  and   are negative only if the correlation coefficient () and 

the Kendall’s tau () are negative and the smaller  and  are, the smaller  and   become such 

                                                                 
6
 For any copula C with margins u and v  [0,1], C(u,1) = u and  C(1,v) = v but this is not true when  and  are 

negative in the Marshall-Olkin Copula. The other two properties listed in Nelsen (2006, p.10) are satisfied  and, as 

expected, the resultant function remains always in the interval [0,1]. 
7
 In Sect ion 4, where we adapt this Poisson method to the context of bank regulation, the aforementioned term min(.) 

will be a copula even for negative values of the parameters involved. 
8
 Since PD = syst + idio, if syst < 0, PD < idio  meaning that not all indiv idual shocks result in default in these 

favorable scenarios. 
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that these copula parameters tend to - when  and  approach -1. Thus the best economic 

scenarios in terms of risk happen when assets are negatively correlated (although this is seldom 

observed in reality). Note that, in this interpretation of Poisson processes at the portfolio level, 

idio and syst are not individually seen as Poisson parameters. They are part of the effective 

parameter  which, besides being positive, in this particular case, must be in the interval [0,1]  

(implying that 0  PD  1).  

Thus, when negative parameters are plugged into [13], the probability of joint high defaults (that 

is, concurrent default rates above particular pdi and pdj) decreases in comparison with estimates 

based on positive parameters. For instance, if  = 0.15 and   = 0.20, the likelihood that the 

default probabilities of two loans i and j (or the default rates in two loan portfolios) will be 

simultaneously above their respective 80th historical percentiles (FPD(pdi) = FPD(pdj) = 0.80) is 

around 0.062. This value falls to approximately 0.012 for negative parameters  = -0.15 and   = 

-0.20). 

In practice, the parameters  and   are allowed to be negative only in the cases where 

 1)()( jPDiPD pdFpdF ))().(),(.)(min( ]1[]1[  

jPDiPDjPDiPD pdFpdFpdFpdF , for 0 < FPD(pd) 

< 1. This means that strong negative associations (parameters) across latent variables are 

compatible only with small PD quantiles. In the situation illustrated in the prior paragraph, if e.g. 

pdi = 0.05, pdj = 0.10,  = -3 and   = -1.5 (which entails  =  = -0.5 according to [9], [10] and 

[11]), consistent results will be possible just for FPD(pdi) and FPD(pdj) no greater than 0.52 

(other combinations between these two distributions FPD  are possible when one of them is 

decreased whilst the other one is increased). 

 

3.3  Simulations 

In order to test the performance of the suggested approach, we simulated normal variables with 

three dependence structures represented by three copulas: Gaussian (symmetric without tail 

dependence), Student t (symmetric with fat tails), and Gumbel (asymmetric with right-tail 

dependence) and calculated the probability of extreme joint occurrences. Our purpose is to check 

whether this alternative model yields results at least as good as estimations that assume normal 

margins and dependence (Gaussian Copula) even when the losses are normally distributed.  

Two assets, i and j, were simulated with probabilities of default equal to 0.05 and 0.10.  
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For each dependence structure, five strength levels were tested 9: 0.1, 0.2, 0.3, 0.4, and 0.5 for 

Gaussian and Student t Copulas and 1.1, 1.3, 1.5, 2.0, and 2.5 for Gumbel Copula 10 .  

Then we calculated the proportion of joint occurrences of PDs above specific loss percentiles: 

75th for both assets, 90th for i and 80th for j, and 99th for both assets. In other words, we 

calculated the ratio of simultaneous losses above the mentioned percentiles of each asset loss 

distribution. So, for example, in the second case, we estimated the probability of the i’s loss 

being higher than 90% of its historical losses at the same time that  j presents losses higher than 

80% of its historical level. 

Next, the joint probabilities for the same cutoffs were estimated by using two methods: (i) 

assuming Normal loss distributions and Gaussian dependence and (ii) the model based on 

Poisson Processes. Each simulation was run 10,000 times. The results are shown in Table 1.  

 

[Insert Table 1 here] 

 

We also calculated the absolute difference between each method and the real joint occurrences 

observed (see two last columns of Table 1). Such differences were used to check if, when the 

losses are normally distributed, the suggested Poisson method yields results as satisfactory as the 

estimation that assumes normal distributions and dependence. Based on the absolute difference, 

the alternative approach outperformed the traditional estimation in 18 (out of 45) scenarios 

(40%).  

Naturally, this performance was conditional on the dependence structure. For the Gaussian 

Copula (which is the assumption of traditional estimations), the Poisson-based method was the 

best only in one scenario (out of 15). For the Student t and Gumbel Copulas, the suggested 

model gave results closer to the real observed occurrences: 12 (80%) and 5 (33.33%) cases out of 

15, respectively. 

More interesting is that the difference between the joint losses estimated by the traditional and 

the suggested model was not significant for each dependence structure (pvalues equal to 0.2869, 

0.2994, and 0.3564 for the Gaussian, the Student t, and the Gumbel copulas respectively). Hence, 

                                                                 
9
 These levels correspond to the copulas’ parameters. The Student t Copula was simulated with degree of freedom = 

1 in order to present a considerable difference from the Gaussian dependence. 
10

 The parameters for Gumbel Copula are different because the minimum parameter admitted for this  copula is 1 

(which indicates independence). 
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we can infer that, even when loss distributions are normal, the method based on Poisson 

processes gives results as “good” as calculations based on assumptions of normality (dependence 

and loss distributions). Naturally, this implies that we could use the normality assumption with 

the same accuracy as the suggested method and therefore there would be no considerable benefit 

in using the latter rather than using the former.  

However recall that these simulations pertain to normally-distributed losses and they represent 

the scenarios in which the traditional models (based on the assumption of normality) have their 

best performance. So, the Poisson model was not expected to outperform traditional models in 

these cases.  

The objective of the simulations was to show that, even when credit losses have the (normal) 

distribution assumed in traditional models, the Poisson method results in an equivalent 

performance.  

The simulations were repeated by using Kendall’s tau (rather than the correlation coefficient) to 

compute the copulas’ parameters  and   (see expressions [9], [10] and [11]). The results (not 

displayed here) in terms of performance and significance, as expected, were similar to those 

mentioned above.  

An additional question is whether the Poisson model outperforms traditional models when credit 

losses are not normally-distributed. We address this question in the next section where we apply 

the suggested method to estimate extreme losses in the context of capital adequacy in financial 

institutions and check its performance for another three loss distributions (exponential, beta and 

gamma). 

 

4 A MODEL APPLICATION: CAPITAL REQUIRED TO COVER UNEXPECTED 

CREDIT LOSSES 

4.1  The model 

The capital calculated according to Basel Accords II and III (see [4]) is the difference between an 

“extreme” probability of default (PD) with a specific level of confidence (99.9%), KV (given in 

[5]), and the average PD. An alternative formula to estimate such extreme PD can be derived 

from the approach presented in Section 3.  

In [13], we calculated the probability of joint losses above particular levels, ),(
, jiPD pdpdF
ji

. For 

two loans i and j, ),(
, jiPD pdpdF

ji
 returns the likelihood of simultaneous PDs up to pdi and pdj: 
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where Ĉ  is the survival copula of lifetimes ti and tj, and  and  are the Marshall-Olkin 

parameters given in [10] and [11], respectively. FT(ti) and FT(tj) are their respective cdfs (equal to 

one minus the cdfs of the associated PDs, i.e. FT(ti)  = 1 – FPD(pdi) and FT(tj) = 1 – FPD(pdj)).  

If the capital is calculated for segments considered homogeneous, loans in each segment are 

supposed to have equal PD (and, consequently, same expected lifetime) such that the 

dependence between t  becomes a Cuadras-Augé Copula (given in [2]). Thus, since  pdi = pdj = 

pd, ti = tj = t and substituting into [14], we have: 

 

  ]))(1(,))(1min[(),(),( 22

,,

 tFtFttFpdpdF TTTPD jiji
 

   22 )())(1())(1),(1(ˆ pdFtFtFtFC PDTTT
 

 

where 1 – FT(t), one minus the cdf of the loans’ lifetimes, is equal to the cdf FPD(pd) of the 

related probability of default (see Section 3). Note also that, because pdi = pdj, the parameter  

above, originally given in [10], is simplified to11:  

 

)1(

2







  

 

where ρ is the correlation for each pair of loans in the portfolio which are considered 

equicorrelated12.  

Interestingly, different from the Marshall-Olkin Copula (as explained in Section 3.2), the 

Cuadras-Augé Copula satisfies all basic properties of copulas (see, e.g. Nelsen, 2006, p. 10) even 

when its parameter  is negative. So, the Poisson-based approach in the Basel context can be 

used for negative  which means that any correlation  in the range (-1,1] suits the model . 

                                                                 
11

 The same applies to  defined in [11]. 
12

 Kendall’s tau is an alternative to replace ρ in [15]. 

 [ 14 ] 

[ 15 ] 
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In this alternative approach, portfolios’ losses result from joint occurrences. So, the confidence 

of the probability of joint defaults (“confidencePD”) is the area under the multivariate density 

function up to the PD level chosen. Such area is equivalent to the copula ))(1),(1(ˆ tFtFC TT   

whose range is (0,1). However, as shown ahead, the maximum consistent value for individua l 

loss cdfs FPD(pd) = 1 – FT(t) may be smaller than 1. 

In principle, the PD distribution is unknown but the value of the portfolio’s lifetime T may be 

estimated through the inverse distribution of the lifetime (exponential), 1

TF , with mean = 1/λ = 

1/pdA and confidence = ))(1),(1(ˆ1 tFtFC TT   that corresponds to the area below the lifetime 

t: 

 

))(ln(
1

)/1)),(1),(1(ˆ1(),( 211   pdF
pd

pdtFtFCFmeanTTconfidenceFT PD

A

ATTTT

 

 

 

where pdA is the average probability of default (expected loss),  is defined in [15], FT(t) is the 

cdf of T which is equal to one minus the cdf of the PD distribution (FT(t) = 1 - FPD(pd)) . The 

confidenceT  is in fact given by ))(),(( tFtFC TT  but it is approximated here by 1 – confidencePD 

= ))(1),(1(ˆ1 tFtFC TT  . This may be considered valid because loans’ lifetimes in 

homogeneous segments/portfolios are supposed to have similar behavior  and therefore, for two 

assets i and j, Pr[Ti > t, Tj < t] and Pr[Ti < t, Tj > t]  tend to zero. Since 

))(1),(1(ˆ1 tFtFC
ji TT   = ))(1),(1( tFtFC

ji TT   + Pr[Ti > t, Tj < t] + Pr[Ti < t, Tj > t], we 

have ))(1),(1(ˆ1 tFtFC
ji TT     ))(1),(1( tFtFC

ji TT   = ))(),(( tFtFC TT
 in the case of 

homogeneous dependence. 

In [16], ))(1),(1(ˆ tFtFC TT   is the confidence of joint PD (area below specific values of PD) 

and FPD(pd) is the confidence of individual PDs. Thus, from [6], when unit time = 1: 

 

))(ln(

1
2 


pdF
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Since PD must be in the range [0,1], FPD(pd) must be in the interval (0, 
)2/(  Apd

e ] where pdA 

and  are defined as before. So, due to this restriction in terms of individual losses’ quantiles, the 

loss confidence13 in this Poisson-based model will be defined as a proportion of the maximum 

individual PD (unknown) cdf accepted for each specific case (i.e. a proportion of )2/(  Apd
e ). 

The total joint losses in an extreme scenario according to a particular confidence level 

(=confidence * )2/(  Apd
e  = proportion of the maximum individual cdf for the PD distribution) 

will be estimated from the value of an extreme joint lifetime which can be found by applying 

[16], the inverse distribution (exponential) of t: 

 


 ),*(

)2/(1 meanTeconfidenceFt Apd

Textreme

  

])*ln[(
1 2)2/(  

 Apd

A

econfidence
pd

 

 

Then, by using [6], we can calculate the extreme joint PD as: 

 

extreme

extreme
t

u
pd   

 

where the unit time u will be set equal to 1 in order to maintain the Basel’s time horizon. So, by 

combining [17] and [18]: 

 

A

A
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 )ln(])*ln[
22)2/( 

 

 

and using the definition of  in [15] we can state pdextreme as a function of the linear correlation, 

ρ, between the latent variables that drive defaults: 

                                                                 
13

 This model confidence is based on individual losses and their dependence in order to give the likelihood that each 

of these losses will reach a specific threshold and impact the portfolio’s loss. It should not be confused with 

confidenceT and confidencePD, mentioned before, which refer to the probability of portfolios’ lifetimes and PDs, 

respectively, being below a particular point. If one of these two measures was used as the model confidence, the 

alternative method would not capture the dependence between PDs.  

[ 17 ] 

[ 18 ] 
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with ρ  (-1,1], confidence  (0,1],  and pdA representing the average PD. As expected, pdextreme 

is increasing in confidence and ρ. Hence, the smaller ρ is (including negative values), the smaller 

pdextreme is. 

[19] gives the total probability of default in adverse scenarios with respect to the confidence 

required and therefore should replace the term KV in [4]: 

 

MaturitypdpdLGD Aextreme *)](*[   

 

Although there are different reasons for consumer defaults (Dubois and Anderson, 2010, p. 3), it 

is possible that this Poisson approach yields better results for consumer loans since it uses the 

idea of “shocks” and there is evidence that some households are more subject to shocks (such as 

loss of job and divorce) whilst the degradation of corporate debts is typically continuous (see 

Avery et. al., 2004 and Sabato, 2006).  

 

4.2 Simulations 

Simulations14 of credit PD distributions were used to compare the formula based on Poisson 

processes to the formula determined in Basel Accords for three classes of retail credit (revolving, 

mortgage, and “other retail”)15. 320 scenarios were created. For simplicity, LGD was assumed 

equal to 100%.  

Four dependence structures (copulas) were applied to capture distinct types of association: 

Gaussian (symmetric without tail dependence), Student t (symmetric tail dependence), Clayton 

(left-tail dependence), and Gumbel (right-tail dependence). 

Five levels of dependence were considered for each copula (represented by their parameters : 

0.1, 0.2, 0.3, 0.4, and 0.5 for Gaussian, Student t, and Clayton copulas and 1.1, 1.3, 1.5, 2.0, and 

2.5 for Gumbel Copula – see second footnote in Section 3.3). Then, we simulated four PD 
                                                                 
14

 The simulations were repeated 1000 times. 
15

 Corporate cred it can be also analyzed but the maturity term in [4] should be simulated as well.  

[ 19 ] 



24 

 

distributions (normal, exponential, beta, and gamma 16) for each copula level and used four PDs 

in each distribution (0.01, 0.05, 0.10, and 0.15). Following Basel presumptions, we assumed that 

all pairs of loans are equicorrelated and that the portfolio’s PD can be inferred from the PD 

concerning any pair. Therefore we simulated one pair of loans for each scenario to represent the 

potential PD in the whole portfolio (see more details at the end of Section 3.1). Figure 2 

illustrates the definition of the scenarios.  

 

[Insert Figure 2 here] 

 

The capital calculated according to each approach (Poisson method and Basel) was compared to 

the maximum unexpected losses (maximum total losses minus average PD) in all scenarios. We 

chose the confidence level of 95% for the alternative model17. 

The simulations revealed the superiority of the alternative formula for some scenarios. Table 2 

shows the percentage of cases in which the alternative model gave estimations closer to the 

maximum unexpected losses observed in the simulated data (based on the absolute difference, 

i.e. without considering under or overestimations).  

 

[Insert Table 2 here] 

 

The performance of the suggested formula was clearly sensitive to the PD distribution. Based on 

the parameters used in the simulations, the Poisson model basically did not yield better results 

than Basel for normally distributed losses (mortgage loans represented exceptions in few cases). 

For the other three distributions, on average, the alternative method outperformed Basel in more 

than half of the scenarios (reaching 100% in some cases). The best estimates were for gamma 

distributions followed by beta and exponential. 

Changes in the confidence level improved the performance of the alternative method for some 

loss distributions but worsened its results in other cases. For example, if a co nfidence level 

                                                                 
16

 The parameters of the distributions were defined in such way that the mean loss was equal to the probabilities of 

default considered (0.01, 0.05, 0.10, and 0.15 for each distribution) and, apart from the normal case, the distributions 

presented “long” right tail (indicat ing the existence of extreme ly high losses).  
17

 Among other random confidence levels tested, this value resulted in the best performance of the Poisson -based 

model. Recall that Basel uses the confidence of 99.9%. 



25 

 

around 0.80 is used, the Poisson method outperforms Basel approach for normally distributed 

losses but does not yield good estimates for the other three distributions (this confidence level 

was tested but the results are not displayed here). However it is important to note that these 

results are valid only for the specific parameters used to simulate the losses.  

The dependence structure does not seem to have any impact in the success of Poisso n 

estimations since, on average, the percentage of outperformance of this suggested model was 

quite similar for all copulas tested (the outperformance ratio oscillated from 62% for the 

Gaussian Copula to 68% for the Student t Copula). 

From the last column of Table 2, we calculated that the alternative approach was simultaneously 

better than Basel for all the three classes of retail credit in 51% of the scenarios simulated. 

Table 3 demonstrates some examples of the difference in the capital estimated according to the 

Basel formula and the alternative approach.  

Among the simulations that generated the results in Table 2, a PD (0.05) and the intermediary 

dependence level (0.3 for Gaussian, Student t, and Clayton, and 1.3 for Gumbel) were selected. 

Considering normally distributed defaults, the Poisson model presented the highest 

overestimations. For the other distributions, in most of the cases, Basel approach underestimated 

the maximum losses while the Poisson formula returned more accurate estimates.  

 

[Insert Table 3 here] 

 

It could be thought that the superiority of the suggested method in some scenarios is due to the 

fact that it uses correlations calculated directly from the losses (PDs) while Basel employs 

correlations defined a priori (0.04 for revolving credit, 0.15 for mortgage and between 0.03 and 

0.16 as a function of PD for other retail18). In order to test this hypothesis, we checked the 

performance of the Poisson-based formula using the values for ρ stipulated in Basel Accords 

(with confidence level of 95%, as before).  

The results are in Table 4 and the alternative model’s performance was similar to the case where 

correlations calculated from the data were used (the average of the absolute difference among 

values in Tables 2 and 4 is 9%). 

 

                                                                 
18

 See formula in BCBS (2005, 2006).  
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[Insert Table 4 here] 

 

As in the previous simulation (Table 2), the worst and the best results from the suggested model 

were related to normally (the smallest percentage of better performance of the Poisson model) 

and gamma-distributed losses (the highest percentage of better performance of the Poisson 

model), respectively. 

The formula used in Basel Accords was also tested by applying the correlation coefficient 

calculated from the simulated PD series instead of using the values defined in the Accord. This 

strategy did not yield good results (not displayed here) when compared to the Poisson model as 

the latter outperformed the former in 67% of the cases.  

 

5  CONCLUSIONS 

The assumption of normality and the constraint of nonnegative correlations are limitations of 

factor models. These models are derived from the structure proposed, for example, in Vasicek 

(2002) where the latent variables (obligors’ asset returns) that drive defaults are impacted by two 

types of risk (systematic and idiosyncratic). The relationship among all these variables is 

conveniently set by means of a formula that describes equicorrelated normal distributions 

(expression [3]). 

On the other hand, the latent variables in the method suggested in this paper are assumed to be 

loans’ lifetimes. This interpretation implies that those variables can be adequately modeled by 

Poisson processes and are therefore exponentially distributed. Although other papers have 

already used Poisson processes to study credit losses (CSFBI, 1997, and Lindskog and McNeil, 

2001), the model presented here introduces the use of copulas (related to lifetimes) to measure 

the dependence across the latent variables. Given these properties, our model allows for some 

values of negative dependence and tends to result in better estimations of joint losses that are not 

normally distributed. Even for assets with normal credit losses, the alternative Poisson model 

was shown to be as good as traditional estimations that assume Normal dependence and 

distributions. 

With regard to the suggestion for capital calculation, the alternative model estimates extreme 

losses by using the expected loss (average PD) and the dependence among defaults (the linear 

correlation, for example) as inputs. Considering the parameters and the confidence level used in 



27 

 

our simulations (Section 4.2), the Poisson approach did not result in good estimations for 

normally-distributed defaults. Nevertheless, this method outperformed Basel formula in credit 

portfolios represented by another three distributions at the 95% confidence level (whilst Basel is 

calculated with confidence of 99.9%). Different results in terms of loss distributions may be 

reached if the confidence level is changed.  

Albeit the proposed model has the limitation of assuming independent “shocks” for each obligor, 

it may be of interest to regulators and practitioners since its implementation is relatively easy 

and, according to our simulations, it is typically more efficient than the current formula adopted 

which tends to underestimate maximum potential losses when they are not normally distributed.  

A possible extension of this research is the empirical analysis of the Poisson-based model using 

banks’ datasets to check its adequacy to model credit risk at the portfolio level and whether this 

suggested method is more suitable for modeling a particular type of credit (retail or corporate).  

Another open issue is the potential correlation between idiosyncratic and systematic shocks 

given that, in some circumstances, the former may be offset by the latter which reduces the 

probability of default. 

As the performance of the Poisson-method for specific (univariate) loss distributions is sensitive 

to the confidence level chosen, further research should be conducted to determine the “best” 

confidence level for a PD dataset even if we do not know its distribution. Such level would 

indirectly take the default distribution into account so that the extreme PDs estimated would be 

very close to the real ones. 
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Table 1  Joint losses estimated by traditional models (assuming Normal distributions and 

dependence) and alternative (Poisson-based) model. Probability of losses above the 

specified cutoffs for two assets i and j with PDs = 0.05 and 0.10  

Dependence 
strength 

Cutoff i Cutoff j Real 
joint 

losses 

Estimation 
assuming 
normality 

Alternative 
(Poisson) 
estimation 

Absolute 
difference: 

Real - normal 

Absolute 
difference: 

Real - 
alternative 

Panel A : Gaussian dependence (symmetric, no tail dependence) 

0.1 0.75 0.75 0.0727 0.0736 0.0846 0.0009 0.0119 

0.2 0.75 0.75 0.0836 0.0847 0.1043 0.0011 0.0207 

0.3 0.75 0.75 0.0951 0.0965 0.1215 0.0014 0.0263 

0.4 0.75 0.75 0.1070 0.1084 0.1360 0.0014 0.0290 

0.5 0.75 0.75 0.1203 0.1212 0.1495 0.0009 0.0292 

0.1 0.9 0.8 0.0252 0.0259 0.0408 0.0006 0.0155 

0.2 0.9 0.8 0.0310 0.0328 0.0589 0.0018 0.0279 

0.3 0.9 0.8 0.0367 0.0380 0.0740 0.0012 0.0373 

0.4 0.9 0.8 0.0442 0.0458 0.0882 0.0016 0.0440 

0.5 0.9 0.8 0.0516 0.0530 0.0999 0.0014 0.0483 

0.1 0.99 0.99 0.0002 0.0021 0.0014 0.0019 0.0012 

0.2 0.99 0.99 0.0003 0.0021 0.0026 0.0018 0.0022 

0.3 0.99 0.99 0.0005 0.0022 0.0035 0.0017 0.0030 

0.4 0.99 0.99 0.0008 0.0026 0.0043 0.0017 0.0035 

0.5 0.99 0.99 0.0013 0.0029 0.0050 0.0016 0.0037 

Panel B : Student t dependence (symmetric tail depende nce) 

0.1 0.75 0.75 0.0925 0.0727 0.0817 0.0198 0.0109 

0.2 0.75 0.75 0.1022 0.0818 0.0995 0.0204 0.0028 

0.3 0.75 0.75 0.1124 0.0920 0.1150 0.0204 0.0026 

0.4 0.75 0.75 0.1232 0.1029 0.1293 0.0204 0.0061 

0.5 0.75 0.75 0.1348 0.1145 0.1424 0.0203 0.0075 

0.1 0.9 0.8 0.0445 0.0260 0.0387 0.0185 0.0058 

0.2 0.9 0.8 0.0489 0.0304 0.0543 0.0185 0.0055 

0.3 0.9 0.8 0.0543 0.0368 0.0694 0.0174 0.0151 

0.4 0.9 0.8 0.0593 0.0421 0.0821 0.0172 0.0227 

0.5 0.9 0.8 0.0647 0.0487 0.0935 0.0160 0.0288 

0.1 0.99 0.99 0.0032 0.0019 0.0013 0.0013 0.0019 

0.2 0.99 0.99 0.0035 0.0019 0.0023 0.0016 0.0012 

0.3 0.99 0.99 0.0039 0.0020 0.0032 0.0019 0.0007 

0.4 0.99 0.99 0.0043 0.0027 0.0040 0.0016 0.0003 

0.5 0.99 0.99 0.0049 0.0027 0.0047 0.0022 0.0002 
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Table 1 (continued) Joint losses estimated by traditional models (assuming Normal 

distributions and dependence) and alternative (Poisson-based) model. Probability of losses 

above the specified cutoffs for two assets i and j with PDs = 0.05 and 0.10  

Dependence 
strength 

Cutoff i Cutoff j Real 
joint 

losses 

Estimation 
assuming 
normality 

Alternative 
(Poisson) 
estimation 

Absolute 
difference: 

Real - normal 

Absolute 
difference: 

Real - 
alternative 

Panel C: Gumbel dependence (asymmetric tail dependence) 

1.1 0.75 0.75 0.0825 0.0791 0.0945 0.0034 0.0121 

1.3 0.75 0.75 0.1122 0.1035 0.1302 0.0087 0.0180 

1.5 0.75 0.75 0.1336 0.1216 0.1496 0.0120 0.0160 

2.0 0.75 0.75 0.1657 0.1520 0.1718 0.0137 0.0061 

2.5 0.75 0.75 0.1839 0.1703 0.1814 0.0135 0.0025 

1.1 0.9 0.8 0.0328 0.0288 0.0495 0.0040 0.0168 

1.3 0.9 0.8 0.0518 0.0429 0.0829 0.0088 0.0311 

1.5 0.9 0.8 0.0638 0.0523 0.0999 0.0115 0.0361 

2.0 0.9 0.8 0.0813 0.0703 0.1201 0.0110 0.0388 

2.5 0.9 0.8 0.0895 0.0812 0.1286 0.0083 0.0391 

1.1 0.99 0.99 0.0013 0.0019 0.0020 0.0006 0.0007 

1.3 0.99 0.99 0.0030 0.0022 0.0040 0.0008 0.0010 

1.5 0.99 0.99 0.0041 0.0029 0.0050 0.0012 0.0010 

2.0 0.99 0.99 0.0057 0.0045 0.0062 0.0012 0.0005 

2.5 0.99 0.99 0.0066 0.0053 0.0067 0.0013 0.0000 
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Table 2  Percentage of Poisson-based method’s estimates better than Basel’s  results (retail 

credit) using correlation coefficient calculated from the simulated dataa  

Loss Distribution Revolving Credit Mortgage Other retail Three classes 

Panel A: Gaussian dependence 

Normal 0% 10% 0% 0% 
Exponential 75% 65% 65% 50% 
Beta 100% 30% 100% 30% 
Gamma 100% 100% 100% 100% 

Panel B: Student t dependence 

Normal 0% 15% 0% 0% 
Exponential 75% 65% 75% 55% 
Beta 100% 80% 100% 80% 
Gamma 100% 100% 100% 100% 

Panel C: Clayton dependence 

Normal 0% 10% 0% 0% 
Exponential 75% 55% 75% 50% 
Beta 100% 55% 100% 55% 
Gamma 100% 95% 100% 95% 

Panel D: Gumbel dependence 

Normal 0% 10% 0% 0% 
Exponential 75% 55% 75% 50% 
Beta 100% 55% 100% 55% 
Gamma 100% 95% 100% 95% 

a
 All the percentages in this table are divisible by 5 because there are 20 scenarios (four PD levels times 

five copula parameters) for each combination of loss distributions and copula families. Thus, any possible 
number of occurrences (from 0 to 20) in each combination will result in a percent value divisible by 5.  
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Table 3  Selected examples of capital estimated according to Basel Accords and suggested 

model 

Loss 
distribution 

Observed 
maximum 

losses 

Poisson-based 
capital 

Revolving 
credit 

 (Basel) 

Mortgage 
(Basel) 

Other retail 
(Basel) 

Panel A: Gaussian dependence 

Normal 0.0668 0.3375 0.0973 0.2635 0.1181 
Exponential 0.2276 0.3309 0.0973 0.2635 0.1181 
Beta 0.3028 0.3235 0.0973 0.2635 0.1181 
Gamma 0.6468 0.3858 0.0973 0.2635 0.1181 

Panel B: Student t dependence 

Normal 0.0758 0.3315 0.0973 0.2635 0.1181 
Exponential 0.2988 0.3445 0.0973 0.2635 0.1181 
Beta 0.3804 0.3504 0.0973 0.2635 0.1181 
Gamma 0.5116 0.3555 0.0973 0.2635 0.1181 

Panel C: Clayton dependence 

Normal 0.0586 0.3211 0.0973 0.2635 0.1181 
Exponential 0.2000 0.3006 0.0973 0.2635 0.1181 
Beta 0.2639 0.2964 0.0973 0.2635 0.1181 
Gamma 0.3212 0.2943 0.0973 0.2635 0.1181 

Panel D: Gumbel dependence 

Normal 0.0761 0.3478 0.0973 0.2635 0.1181 
Exponential 0.2876 0.3593 0.0973 0.2635 0.1181 
Beta 0.3815 0.3600 0.0973 0.2635 0.1181 
Gamma 0.4848 0.3615 0.0973 0.2635 0.1181 
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Table 4  Percentage of Poisson-based method’s estimates better than Basel’s results (retail 

credit) using correlation coefficient determined in Basel Accordsa 

Loss Distribution Revolving Credit Mortgage Other retail Three classes 

Panel A: Gaussian dependence 

Normal 0% 25% 0% 0% 
Exponential 75% 75% 70% 50% 
Beta 100% 20% 100% 20% 
Gamma 100% 75% 100% 75% 

Panel B: Student t dependence 

Normal 0% 25% 0% 0% 
Exponential 100% 90% 75% 65% 
Beta 100% 70% 100% 70% 
Gamma 100% 75% 100% 75% 

Panel C: Clayton dependence 

Normal 0% 25% 0% 0% 
Exponential 70% 75% 55% 50% 
Beta 100% 0% 100% 0% 
Gamma 100% 75% 100% 75% 

Panel D: Gumbel dependence 

Normal 0% 25% 0% 0% 
Exponential 95% 90% 75% 65% 
Beta 100% 50% 100% 50% 
Gamma 100% 75% 100% 75% 

a
 All the percentages in this table are divisible by 5 because there are 20 scenarios (four PD levels times 

five copula parameters) for each combination of loss distributions and copula families. Thus, any possible 
number of occurrences (from 0 to 20) in each combination will result in a percent value divisible by 5.  
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FIGURE 1  Illustration on the equivalence between areas above a specific probability of default and below 
the associated latent variable’s level (asset lifetime) 

Loss distribution Asset lifetime distribution 

equal areas: 
Pr[PD > pd] = 

Pr[T < t] 

pd t 
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FIGURE 2  Scenarios used in the simulation to compare capital to cover unexpected losses calculated 
according to Basel method and Poisson-based model 
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