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background

 Credit cards are probably the most convenient form of credit of all
competing financial assets that include both payment and credit
devices (Ayadi, 1997).

« Variable rate loans have been legal since the early 1980s. In the
credit card market, however, a standard rate continued to dominate
until the early 1990s.

« The development of the internet and the telephone as new channels
for loan applications has made the offer process more private to
each individual (Thomas 2008).
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background

« However, Ausubel (1991) pointed out that competition in credit card
pricing can result in adverse selection.

« Adverse selection occurs in a trading situation where one side
processes information (the informed party) which is relevant to his
trading partner who is the uninformed side.

« Adverse selection has already been investigated in the insurance
industry and the second-hand cars market.

« In consumer lending market, Thomas (2008) points out that
adverse selection is important in estimating the interaction between
the quality of the applicant and the chance of them taking the loan.
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Auction Model of Credit card Solicitation

« Ausubel (1999) suggested that the auction model
is a useful analogy to the credit card application
process.

« Different issuer will have different score cards,
and the resultant scores determine not only
whether the issuer will accept that customer but
nowadays also the interest rate that will be
charged. ----- This is what risk based pricing
seeks to do.
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Auction Model of Credit card Solicitation

o In the “auction”, each lender I, obtains information on the
applicant to obtain an application score S for that
applicant.

 One can translate the score Sto obtain Awhich is lenderi ’s
probability that the applicant is a ‘Good’ and will not
default on the account in a prescribed time horizon.

« However these estimates of probability of being Good are
likely to have errors € in them.
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Auction Model of Credit card Solicitation

 assume the applicant has a true probability of being good of P
and so p =p+¢.

« assume that the applicant will choose the credit card offer with
the lowest interest rate and that all the firms are using the same
risk based pricing approach.

. So the applicant will choose the firm whose probability B = Pof
them being Good is the largest.

« This is an example of the winner’s curse, in that the lender will
have a higher assumed probability of the applicant being a good
than is really the case.
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Errors in probability of being Good

« We assume that lender I, estimates via the application
score that the applicant’s probability of being good is

p=pP+E

where the errors & are independent random variable with
distribution function F()).

+ We assume that pi* = maxlsisN{pi}’gi* = maxlsisN{gi}

are the probability of being Good and the error of the
lender, whose credit card is chosen by the borrower
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Errors in probability of being Good
« So the distribution of the true probability of being good of the

applicant accepted by the lender who perceives the applicant’s
probability of being good to be , is given by,

G0 =P{psth=Pp - & <tf=pPrp -t<e]
= Pr{max]sisN{gi}Z o) —t}:1— F)r{maxlsisN{‘c:i}S o) _t}
=1-F(p/ -»)"

So the density function of P
git)=NOf (p' —t)[F(p" -t)" ™

Hence the expected value of is

Exp(P) = [ tCg(t) @t = | NELF (p' —t) OF(p' —t)" L
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Errors in probability of being Good

 Defining u=p -t, we get

Exp (B) = [ (p" —u) N Of (u) OF (u)" ™ Celu
=p' [ NCF () 0F ()™ [u— [ ulN L (u) 0F (u)™* G

Hence BEXP (P) = p — by
since [N OF (u) OF ()" du = [F ()]

and by, = [ uNCF (u) OF (u)" &

« The linear relationshiﬁ in this equation is similar to that discussed in
Phillips (2005) and Thomas (2008) where Exp| p(r,p)|=p—dr,d >0
where it is called the linear probability adverse selection function.
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Errors in probability of being Good

If one assumes the error in the probability is a uniform
distribution which spreads more the higher the rate
charged, i.e. [-dr,dr| then the above calculation given

% _ r dr .Mt (N-])
- [MuING (W EFW Eu= [ N (I—U+ [du=dr
N -[; WEFW ~ar 2dr 2dr ) (N+D)

The argument is that if the lender increases the interest
rate, they are willing to accept applicants with a lower
probability of being Good and this will lead to a wider
range of errors
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Errors in the score

« The probability of the individual applicant being Good is
not directly observed by issuers. Instead, the lenders
collect data on previous borrowers with similar
characteristics and translate this information into a
credit score S for that applicant.

« To model this, suppose the customer with characteristics X
will be given credit score of ({X)which relates to the
probability of the customer being good.
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Errors in the score

« Thomas (2009) imply how use logistic regression
to build a score card leads to a log odds score
where the relationship between the credit score
and the probability of being Good is given by

p( X) es( X)

1-p(x)

X :|09{ } = p(x) =

1+
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Errors in the score

Suppose the errors that the lenders made are directly in the score
they give the applicant, which translates into errors in the
probability of the applicant being Good.

Let S be the “true” score of the applicant and this corresponds to 5,
the true probability of the applicant being Good.

Assume lender i has a scorecard which gives that applicant a score s
, where S=§ —¢&.

Again we assume the applicant will choose the lender who gives the
highest score since under risk based pricing this will lead to the offer
which the lowest rate required on the credit card.

Assume that there are N potential lenders and ¢i the scoring errors
made by each lender are independent and have a common
distribution with distribution function F ([).
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Errors in the score

We can follow the calculations of the previous error type to
get the following results.

t t
Gt)=Prip<st;=Prilo <log——}=Pr{sS<log—
) =pPr{p=t} {gl_ g t} { gl_t}

F®)

p
:Pr{s*—a*slogL}:Pr log P~ —IogLsa*
1 | 1_t 1_ p* |

since
P{e* =y} =P{mex[ g, &,.6,.. 6] 2V} =1-P{mex[ 5, ,.€,...6,] < 1}

=1- [P <y} =1-F(y)"

We have G(t)=1—F(Iog p:*—long

1-p, 1-t



UNIVERSITY OF

Southampton

School of Management

Errors in the score

Then, the probability density function is

_ p* i t p* ) t N-L
qf [(Jl—t) (I Y-p logﬁj %5 logﬁj
So, for the lender who has taken the applicant assuming his

score is , then the expected true credit score of that
apphcant will be given by

E(5) =E(5*)~E(e*)=5*~ [ Y (F (" *dy=5*-h,

In terms of probabilities of being Good this becomes

E(Iog[ j) E(Iog[ pj) E(e,")= E[Iog[ jj [ ROy = E(Iog[ = D B,
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Errors in the score

In the case when the score errors are uniformly distributed -«
from to ¢ , where again is the interest rate charged one

gets . * *
5 ) D B o = P _ N-1

which is strongly related to the linear log odds selection
function suggested in (Thomas 2008) and (Phillips
2005).
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« Risk-based pricing means that the interest rate charged
on a loan to a potential borrower depends on the lender’s
view of the borrower’s default risk.

 In particular we are interested in the fact that these
winner’s curse selection errors are a form of adverse
selection since they increase as the interest rate charged
Increases.

« We use a rate model which looks at the profitability of
deciding whether to lending one unit to an applicant (
see Thomas 2008).
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Impact of Adverse Selection on Risk-base
Pricing
 In the previous section we described how the winner’s

curse can lead to a linear or logistic relationship between
these two probabilities.

 In this case, the lender is assuming that the probability of
the lender being Good is that probability P that would

E(P)=p —er, and E(log—"—) =log—— —er
1-p 1-p

« In general we denote this relationship as p(r, p’)
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« We assume that the risk free rate at which the lender can
borrower the money is Ir and the loss given default (the
percentage of defaulted loan finally lost) is|o .

 If the lender charges a rate I' to an applicant whose
probability of being Good is P, then the take probability,
(the chance the applicant will accept such a loan) is d(r, p)
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Impact of Adverse Selection on Risk-base
Pricing
o If the lender believes the borrower has a probability P of

being Good, then the lender believes the expected profit if
a rate r(p)is charged to be

EP (r.p)=alr, p)l(r(p)-r)Op-(p +r. )1~ p)]

« Inorder to find the optimal interest rate, we differentiate this
equation with respect to I' and set the derivate to zero, to find when
the profit is optimised. This gives a risk based interest rate of

r(p)=r. +(, +rF)ﬂr‘pp_ q(r, p)

9.-alr.p)




UNIVERSITY OF

Southampton
Impact of Adverse Selection on Risk-based ™™™
Pricing
The reality through is that the lender’s estimate of the probability of
the borrower being Good is P, where the true probability is P.

« The optimal profit the lender would possibly obtain from such a
borrower if the lender had the correct view of the borrower’s
probability of being Good would be

EP,|r (B). Bl=alr" (). B)dlr (B)-re )b - (I, +r. ) df1- )| 1)

« However, the lender’s estimate of the borrower’s probability of being
Good is , and so what the lender expects the profit to be is

ER (P )P |=dlr (p) )l (p)-re )b (o +r)l-p) 2)

even though the borrower’s true probability is P
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Impact of Adverse Selection on Risk-base

Pricing

 In fact, the borrower will not live up to this expectation and
the true expected profit the lender will get is

ER.[r () Bl =alr () B)Alr () - ) B =5 +7.)ci-7)]  3)
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Numerical Examples

« Consider two examples, the first is where the take
function and the adverse selection function are
linear in form and the second is where both are
logistic in form. Take functions of those two forms
were discussed in Phillip (2005). In both cases we
assume the risk free rate is 5%, 1. =005and the loss
given default I,=05,
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: go%'. the linear, take probability or response rate function
efine

Linear Relationship Model

q(r, p)= min{max[O,l—b(r —r )+cl(1- p),l]} for o< p<l

« Then the optimal interest rate is
)P _1-bi(r-r)+cl{1-p)
p b
We choose the value withr, =004 ,b=25 andc =2

' (p)=re +(p +1:

- If we assume the relationship between 5 and P is given
by a uniform error, then we get a linear relationshi%
between Pand P.So that, from previous section, we have

~_ . .n-1
P=D dr(n+1)’ d>0
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* The results of applying these relationships in 1), 2) and 3) lead to the results

in Table 1:
p EI:)true EP opt EI:)exp

0.3 -0.05638 0.0000 0.3 0.0000
Table 1: Results of

0.4 0.000257 | 0.018773 |04 0.018 a linear probability

0.5 0035762 | 0.044867 |05 0.044204 adverse selection
function.

0.6 0.061176 0.067491 0.6 0.065896

0.7 0.081096 0.085253 0.7 0.085078

0.8 0.091737 0.093626 0.8 0.094044

0.9 0.09291 0.094666 0.9 0.094861

0.94 0.093676 0.095306 0.94 0.095365

0.96 0.09391 0.09548 0.96 0.0955

0.98 0.094048 0.095559 0.98 0.095561
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Linear Relationship Model
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Figure 1: Plot of results of a linear model.
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Logistic Model
« The logistic risk-based response function or take rate is
a-br—-cp
q(r’ p) = 1+ ea—br—cp

« The optimal interest rate in this case is

b _Lre

P b
Using the cost structure of the previous case with risk-
free rate being 0.05 and the loss given default |o being
0.5, we assume the parameters for the logistic response
rate function are a=54 ,p = 32 ,and ¢=50.

I‘*(p): e +(ID +Ie
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Logistic Model

Assume the relationship between P and p'is linear in the log
odds corresponding to the situation in section 2 where the
error is in the score. We assume that it is given by

*

P _,..p n-
log——=log—— —dr(—),d >0
1-p 1-p (n+]1)

P

N-1

1-p) N+ p

= p=

We take the values N=500 and d=4so that error between the
logoddsis p= P

(1_ p) @3.9&’ + p
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« The results of applying these relationships in 1), 2) and 3) lead to the results
in Table 2
p EP EP EP
P frue o =P Table 2: Results
0.3 -0.256505902 | 0.000108971 | 0.3 0.000108973 |  of 4 linear log
0.4 -0.179800649 | 0.04958824 | 0.4 0.049588431 odds
probability
0.5 -0.120515218 | 0.103989042 | 0.5 0.103988875 adverse
0.6 -0.046397856 | 0.1468209/6 | 0.6 0.145201731 selection.
0.7 0.00021474 0.15051339 0.7 0.150765621
0.8 0.035509349 | 0.1327977/23 | 0.8 0.133179458
0.9 0.060262605 | 0.090140422 | 0.9 0.091745987
0.92 0.060924634 | 0.078527762 | 0.92 0.075977514
0.94 0.058631672 | 0.067225836 | 0.94 0.065011196
0.96 0.053439103 | 0.056521742 | 0.96 0.053937944
0.98 0.046080056 | 0.046653585 | 0.98 0.048451123
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Loaqistic Model
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Figure 2: Plot of results of a linear log odds probability adverse selection.
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Conclusions

« We show how modelling the way a borrower selects a loan
as an auction, means that winner’s curse leads to adverse
selection.

« We show that the relationships between the actual default
risk of a borrower and the lender’s perceived view of this
risk are very simple ones, whatever the distribution of the
errors the lender makes.

« By building a simple model of the profit a lender makes
from a loan, we are able to examine the effect of these
adverse selection errors.
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Conclusions

« One way out of this dilemma is for the lender to allow for
the fact he will misrepresent the risk of the borrower, when
calculating the optimal rate to charge.

« The difficultly with this is that the population who take the
loan depend critically on the variable rates being offered,
and one of the strengths of variable pricing is that one can
vary the rates to respond to charges in the market.
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