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Abstract

The use of linear and log-linear (and in partictagistic regression) models for
scorecard construction is near-universal. In thigsgp we address the question of non-
linearity in the distribution of a scorecard's mézl log-odds to score relationship.
Scorecards based on linear and generalised linedels are excellent and robust
ranking tools, but the inferred log-odds and defpubbabilities are increasingly used
in day-to-day business operations - within accdem! strategies, for cutoff setting,
in management information and for capital allocatidll are dependent upon the
accurate estimation of log odds and hence prolalaifi default, which is a quality
independent of a model's ranking performance. Time &d Kolmorogov-Smirnoff
statistics that are most commonly used to evalserecards reflect ranking
performance only.

The nature of the variables and binning stratefyeguently used within scorecards
and limitations of some software packages can teabighly skewed good / bad
distributions and a non-linear log-odds relatiopsiihe standard scorecard scaling
methods assume linear transformations and can teasignificantly misleading
results.

We discuss various methods for avoiding non-lingakboth at the model-build stage
and in the retrospective treatment of model outplite discussion is illustrated with
an example drawn from a scorecard generated witloyds Banking Group Retail

Decision Science.

1. Introduction

The use of standardised scorecards for automatsdit aecisioning enjoys a long
history in retail lending stretching back beyoneé #@dvent of computerised branch
systems. As described in [Thomas et al. 2002, McNald Wynn 2004], the
widespread application of the statistical clasatfn techniques developed by
Ronald Fisher and others dates back to at leadiab@s. The arrival of credit cards in
the 1960s and 70s combined with the sheer voluhapplicants and the passage of
Equal Credit Opportunity legislation in the U.Sndered such systems a necessity
[Thomas et al. 2002].

To the end-user, a credit application scorecardsistgrof a rule set or a table of
numeric weights which are summed and compared peealetermined acceptance
threshold. More often than not these yield a tlaige whole number, with low scores
being interpreted as 'bad' and high scores as "gblmdiern credit-savvy consumers
are able to monitor and even influence their oworess by registering with a credit
bureau and correcting inaccurate information or ifyody their behaviour, though
the majority are almost certainly not aware thaeftects an aggregate, transformed
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estimate of their expected propensity to defauttisTdecoupling of the technical,
statistical knowledge required to build a crediirecard and the knowledge required
to apply and interpret it is perhaps the single tnmoportant factor in their historical
development and popularity. Traditionally, the raellidg expertise required to build
a scorecard could easily be outsourced to a spc@ency or bureau, with only the
very largest financial institutions employing deted statistical modellers, often as
individual specialists within larger operationames.

The advent of large, dedicated modelling teamsiwithtail banks is a more recent
development, and has coincided with an expansidh imothe type and quantity of
models deployed and in the range of uses to wlhiels &re put. These are no longer
confined to simple accept / reject decisions. Rtedi bad rates on application
scorecards are closely monitored and used to duggomer acquisition strategy to
reflect business risk appetite. Behaviour scoregfsting customers are used as key
inputs to credit line increase and decrease stesteim collections and recoveries, and
to manage dormant accounts. A parallel breed dbmer-centric value management
models are used to target direct mailing campaigrbkose most likely to respond, in
risk-based pricing, and to route high-value custenie agents in call centres. The
advent of the Basel 2 accord and the regulatoryirement to model risk and
incorporate risk models in decision making has lsirtyi led to a dramatic rise in the
profile of scorecard models.

With some exceptions, the increasing sophisticatrdh which scorecard models are
deployed and used has not yet been matched by aeosurate increase in the
general sophistication of the models themselvescribhinant analysis and logistic
regression, the former developed by Fisher in t880% [Fisher, 1936], the latter
entering into widespread use in the 1980s once atngp power developed
sufficiently to allow fast estimation of paramete®main the norm.

Frequently these models fail to yield a linear tieteship between the predicted log-
odds and the model score, a relationship implicithe standard and widespread
manner in which model weights are scaled to whalalrers. As this has no bearing
on their ranking performance, they tend to remalvust and efficient ranking tools,
sorting customers from high to low risk (or valdepending on the application), but
may be found significantly wanting when it comesetiimating actual probability
values. Nearly all the traditional metrics for exating scorecard performance relate
to ranking performance alone, whereas the incrgasophistication of the end-user
mean that decisions are often based on inferred oattbs or propensity values. In
this paper, we highlight some of the problems tnisy entail and their probable
consequences. We also identify and test a rangessible remedies.

In Section 2 of this paper we illustrate the prablef non-linearity of model outputs

against scorecard log-odds as frequently encouhtera business context. In Section
3 we briefly review the most common statisticakslfication methodologies used for
constructing scorecards and identify the underlyiagses of the problem. Section 4
explores a number of possible remedies. Finallgti®e® 5 summarises our findings

and proposes avenues for future research.



2. The Problem

In its raw unscaled form, the output of a typicabrecard model yields the log of the

Wherep; is the probability that the event in question (ergdit default, fraud, take-
up of a marketing offer) will occur arm@ = 1 -p, is the probability that it will not (so
a higher value for the log-odds here correspondsltaver probability of the event's
occurrence). Figures 2.1 and 2.2 illustrate the log-odds to model-prediction
relationship of a scorecard built historically vithLloyds Banking Group's Retail
Decision Science division using two standard meshdebr reasons of corporate
confidentiality, the purpose for which the scorelcaras built and score scaling are
not disclosed. The plots shows the actual log-aliutived from the development data
sample against the log-odds predicted by the mdde.event that the model is built
to predict occurs with low frequency in the sample.

The scorecard was developed in the first instarsieguthe method of divergence
maximisation via Fair Isaac's Model Builder softevgffigure 2.1), and subsequently
using a more traditional logistic regression apphoanplemented in SASF(gure
2.2). The score distributions for the two classesslr@wn inFigure 2.3 andFigure
2.4. The data variables were treated routinely, usiegghts of evidence to define a
variable binning and employing a stepwise variabddection method based on
incremental variable contribution. The models contao continuous variables — all
are substituted by dummy binary variables with amedel coefficient for each bin.
All bins for any given variable are included in tmedel.

In both instances, a pronounced and systematicatiewi away from the line of

equality for actual and predicted log-odds is obsegr This deviation is

approximately quadratic in shape and very sigmnificdihe curvature is observed to be
more pronounced for the divergence maximisatiorpgasible reason for this is
detailed in the next section). In both cases, tistrildution for the smaller class
(where the event occurs) appears approximately aloamd well-behaved — that for
the larger class (the event does not occur) appreagsilar with heavy negative skew.



Figure 2.1: The relationship between scaled score and log-doida scorecard-type
model built within Lloyds Banking Group Decisioniédce using divergence
maximisation (the plot is derived from the trainsgmple).
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Figure 2.2: The relationship between scaled score and log-dddshe same model
built using logistic regression.
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Figure 2.3: The distribution of scores for the two predictislasses — divergence
maximisation, with trendlines. Scores for the larggoup exhibit a significantly
right-skewed distribution.
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Figure 2.4: The distribution of scores for the two predictiglasses — logistic
regression, with trendlines.
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In our experience, the phenomenon exhibited hecaredo a greater or lesser degree
across a wide range of scorecards and data typiss.however, natural to question
whether this poses any serious problem in practldeldout sample ranking
performances of both models measured in terms wif €efficient were found to be
more than acceptable for the problem at hand, wigt of the first model being
marginally higher. Indeed any monotonic transfororabf model outputs will have
no impact on the ranking performance of a model haedce Gini, a fact that is
exploited when output scores are routinely rescdfedanking performance may be
considered a sufficient measure for the performarice scorecard model where the
actual predictions are not of interest, then thevature observed here is of no
practical consequence.

Historically, the end uses to which such modelsewaut did not generally call for
anything more than this (and indeed the rankindopeance of a model might be
considered to be more robust to changing economenwironmental conditions than
its actual predictions). However, new developmeéntthe sophistication of the way
that models are used mean that the actual log-pdeidictions frequenthare of
interest — for example, they may be used for cusefiting, within account-level
strategies, in management information, as a comypadneloss provisioning and net
present value calculations, or for determining td@llocation and regulatory capital
requirements across retail portfolios. The systemataccuracy of the log-odds
curves illustrated here may therefore have vergiggint consequences and warrants
further investigation.

3. The Underlying Causes
3.1 Standard Classification Models

As we shall describe in this section, severe noedliity is driven by underlying
properties of the data, and aggravated by smalpkasizes and correlation across
separate variable bins. The models described ipr#ndous section made use of two
of the most common 2-class scorecard-building nigthdhese are both linear
models, as the output is a linear combination efitiput variables:



S= L, + B+ B X, +...+ B X,

Heres are the model scoreg is a vector of fitted model coefficient, is the vector

of observed measurement values & the dimensionality of the measurement
space. Continuous variables i tend to be binned and coded as 'dummy' binary
variables — see e.g. [Thomas, 2009] for an explamalhis means that the range of
the continuous variable is broken down into a nunmddeexhaustive segments (say,
m), andm-1 binary variables are created taking the value &re/tthe value of the
continuous variable lies within the range and Gepilise (one of these variables may
be dropped as it is a linear combination of theegththough this is not always done).
The same substitution is often applied to categbn@riables as well, with each
dummy corresponding to membership of one catedbnye consider only a single
class, it may be assumed that eachis a realisation of a random variablg the

outcome of a set of independent 0-1 Bernouilligriand all of theX; corresponding

to the bins of a single binned variable are a sgpecase of the multinomial
distribution with parameter 1 (since across onenéihvariable, exactly one bin will
take the value 1 assuming all bins are retainedg distribution of the full set of
binned variables will be the sum of a set of suciitimomial distributions.

As illustrated inFigure 3.1, the general aim of a scorecard model is to deteritine
direction in the multi-dimensional measurement sptdtat optimally separates the
two classes.

Figure 3.1: A two-dimensional illustration of a predictive stafication model for two
classes.
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Fisher's Linear Discriminant function [Fisher, 19&6defined as
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Wheregs is the vector of model coefficients (the intercemy be dropped without
loss of generality), andi, are the means of class 1 and class 2,3ndnd Z,are
the class covariance matrices. Maximising this fimmc is equivalent to
simultaneously maximising the separation of the meeaf the model scores whilst
minimising their total variance — intuitively this a sensible approach. A simple
solution may be found by assuming that the datdovolstandard Gaussian
distributions and thatz,=%,, then solving directly (this is known as linear
discriminant analysis). The method of divergenceximeation used to build the
model in Figure 2.1 is a more general form of this approach, droppihg t
assumptions of Gaussian data and equality of cawveses andmaximising this
function directly using an optimisation algorithiigher's own method amounted to

constrained optimisationfigure 2.3 below shows the distributions of scores for the
two classes for this method.

(3.1)

Logistic regression is an example of a generalisezhr model [see McCullagh and
Nelder, 1989] and proceeds from the assumption tinwate is an explicit linear
relationship between the log odds ratio and theghoaolvariates as follows:

Iog( 0 j Bo + BiXy + BoXy oot By

This formulation has the advantage of constraipnghich is a probability, between
0 and 1 Logistic regression models are usually fitted viaximum likelihood
estimation, most commonly solved via an iterativemibn-Raphson procedure. The
log-likelihood is given by:

— N — STo
Inll (B =Y (8" % +log+e” )}
i=1
Wherei=1,...,Nindexes observations in the training sampke for class 1 and 1 for
class 2, and is the vector of measurements for observatigimcluding a constant
intercept term). Differentiating this and settirguel to zero leads to a series of non-

linear equations to solve f@t:

Jln[l(ﬂ)] i _ eﬁ“

i=1

)=0 (3.2)

B%

Recall that in scorecard construction we have #fpicoded all of our variables such
that every member oX takes a value equal to either O or 1. In the speease where
only one value o% can take the value 1 at any time (e.g. where adahis based on
the dummies for a single binned variabl&), for each class is a realisation of a

multinomial distribution taking binary values. lhig case it can be shown that a
unique optimal solution to equation 3.2 may be tbuwhen each coefficient is
proportional to the log odds for positive valuestadt variable, ie.
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Wherec is a constant of proportionality related to theinept. This is the Weights of
Evidence [e.g. see Thomas, 2009] value for thigaksée, and implies that the pattern
of optimal model coefficients in this case wouldaetty correspond to the weights of
evidence pattern across variable bins. This igitiméy as Weights of Evidence is a
standard measure of the significance of each bivsa@ binned variable.

Where multiple variables are binned and includea imodel, it is likely that some
bins will be highly positively correlated. Therencke many causes for this, but the
most significant is probably the impact of 'missiaue’ correlation. This is simply
because where a data is missing for a given varidh$ likely to be missing across
other variables for the same reason. For exampd@yrscorecards in retail banking
are based on linked-address data provided by edteradit bureaux — where there is
a failure to match an address for a customer, ithigkely to yield missing values
across a range of variables. Similarly, where ao$etariables in a model relate to
aspects of a customer's prior behaviour, and thprityaof customers have no
applicable data (e.g. they have never respondedntailed offer, or never gone into
arrears on a credit product), sets of variablesdhma to capture behaviour given the
event are all likely to take their default values.

Loosely speaking, the effect of bin correlatiothiat the coefficient weight that would

previously have been applied to one bin is nowrilisted across several, and the
pattern of coefficients for a binned variable nnder necessarily reflects the weights
of evidence pattern of that variable. This can h#reninterpretability of a model — in

extreme cases, a raw model coefficient may evere lthe opposite sign to that

expected, because it is being used in effect tmpea' the effect of an overlarge
coefficient elsewhere.

This is linked to the fact that bin correlation apeup the possibility of multiple
optimal solutions to the discriminant function (atjan 3.1) in the case of divergence
maximisation, and to the maximum likelihood funati¢equation 3.2) for logistic
regression. This gives the model much greater lgewéinding an optimal solution,
resulting in the skewed and irregular score distrdns visible inFigures 2.3 and
Figure 2.4. The method of divergence maximisation, which setk maximise
separation of the means while minimising total amace, appears to have shifted the
mean of the larger class up the range at the egpeh&creasing its variance (as
skewed distributions often have significantly highvariance than symmetric ones
with otherwise similar dispersion). In the caseladistic regression, the irregular
redistribution of coefficient weights across val@abins has led to a similar, though
less pronounced skew, and an irregular distribatishape.

The impact of removing highly correlated variablasbfrom the logistic regression
model and rebuilding is illustrated fhigures 3.2 and 3.3 below. Here where the
absolute value of the correlation coefficient ofaaiable pair exceeds the threshold,
only the bin with the larger contribution to mogedrformance (Gini of the single-
variable model) is retained. The thresholds shorenla0.5, 0.4 and 0.3. We observe
that the distribution of the larger class becomesemregular as correlated bins are
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progressively eliminated, and that the curvaturéhalog-odds relationship becomes
progressively less pronounced. We also expect éngoval of bins to have some
impact on the performance of the model, as evemigprrelated bins can add useful
predictive power. The proportional impact on the delts Gini coefficient as
correlation is removed is shownkingure 3.4.

Figure 3.2: The impact on the distributions of scores whers laiorrelated above a
certain threshold are progressively removed.
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Figure 3.3: The impact on the log-odds to score relationshigenvbins correlated
above a certain threshold are progressively removed
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Figure 3.4: The impact on the Gini coefficient of the logistegression model of

progressively removing correlated bins (Gini shaagma percentage of the Gini of the
model that includes all bins). Gini falls by appiroately 50% once all correlations

above 0.1 are removed.
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3.2 Quadratic non-linearity

The strong curvature observed in the log-odds tweseelationship of our models is
related to the variances of the score distributidiee following argument illustrates
how this relationship may work under the assumptioat the scores for the two

classes are normally distributed with megmsandy,, and variances; and o’ .

Then
2 2
P(s|Class=2) :ﬂex 1i(s-u | _[s—4
P(s|Class=1) o, 2|\ o, g,
Therefore the log-odds relationship for a giverregs:
2 2
og P(Class= 2|5) - log P(Class=2) +Iogﬂ+£ S—H | [S—H,
P(Class=1|s) P(Class=1) g, 2 o, g,
—_ 2 2
=log w +|ogﬂ+l :u_12_:u_22 + ’u_i_i; S+1 iz_iz g2
P(Class=1) o, 2\o, o, o, O, 2\o0; 0,

=as’ +bs+c

Where
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Although this argument strictly applies only wheo®res are approximately normally
distributed, and we have already observed thateladiron in the data can lead to
highly irregular score distributions, it does ndredess help to illustrate the
mechanism through which the curvature arises. Tégred of curvature is here a
function of the coefficien&, which is determined solely by the difference kedwthe
reciprocal variances of the score distributionscdsea is related to the reciprocal
variances, larger values afare likely to arise when the variances are smaher.
small score variances are likely to be a featurscofecards that discriminate well,
this leads us to the counterintuitive finding tlstonger scorecards may be more
prone to curvature than weaker ones.

Although the progressive elimination of correlatéihs appears to lead to
progressively more regular score distributions,isitclear from Figure 3.2 that
correlation alone cannot fully explain the diffecenn their variances. Recall that we
posited that a single variable bin could be considlehe outcome of a series of
independent Bernouilli trials such that all thesbaorresponding to a binned variable
are multinomially distributed. Strictly speakindjig is only the case when we
consider the two classes separately, since assuthiay the variable has any
discriminatory power the parametgr= prob(x=1) is conditional ory, the class that
we are considerindt can be shown that if we consider the total sawr¢he weighted
sum of the components of a series of multinomidisgributed variables, the variance
of this distribution reduces to the weighted sum aofsequence of significant
components of the form(1-p).

When i#], these components are directly driven by corm@tatbetween separate
variables, which again illustrates how correlatioan contribute to differences
between the score variances. Wiwgn we are considering a single variable bin. If the
variable had no discriminatory power whatsoeveznty would have no dependence
on y and the contribution to the score variances of thariable would be equal.
Conversely, if the bin discriminated perfectywould take the value O for one class
and 1 for the other, again leading to equal scar&@amice. Finally, in the very unlikely
case that a variable bin has partial discriminapmwer, but the proportions of 1s and
Os are equal and match the overall class propartwanich are also equal, then the
contributions to the score variances will be equal.

The above conditions are very unlikely to be meta@ignificant modelling variable

in practice, as a binned variable in a model is tnidgly to have a least some

discriminatory power with the class proportionglikto be somewhat (and more than
likely very) unequal. Note that small sample sifmsa particular class within a bin

may also aggravate the differences, due to thee@sed likelihood of error in the

estimation ofp;.
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To summarise, some difference in the variancet®ftore distributions for the two

classes is almost inevitable in any practical maggkituation. The presence of bin

correlation will further magnify the effect due tioe presence of the cross-variable
terms in the variance equation and the propensiskéw the score distributions. And

the difference in score variances is the mostyikause of the curvature in the log-
odds to score relationship.

4. Remedies

The arguments above relating to the causes ofuhatre in the log-odds to score
relationship suggest several causes and therefonender of remedies. We have
already shown that eliminating individual correthteins from a model can lead to
more regular score distributions, reducing skewraesk the differences in variance,
but not all software packages commonly used fores@yd construction will allow
individual bins to be dropped. As evident kingure 3.4, however, the removal of
correlated bins does compromise the performandbeomodel, as even bins that are
highly correlated may provide new information.

Another solution may lie in the modelling technicgraployed. For example, as linear
discriminant analysis proceeds from an assumptfoeqoal covariances in equation
3.1, and covariance terms contribute to the nogality, it is possible that a scorecard
built in this way would prove more robust to then@ature than one based on
divergence maximisation, which drops this assumpfibough it is equally likely that
the latter model would perform better in terms tahslard measures based on ranking
performance).

Other solutions may lie in the methods used foninig. The problem of estimation
error within bins may be improved by ensuring thias do not become too small. An
alternative approach to binning uses the weightevidence within bins directly in
the model. Rather than replace each variable wghtaf dummy variables denoting
membership of each bin, the values weights of emdevalues corresponding to each
bin are substituted for each actual value in theesponding variable. The resulting
continuous variables are then fed into the moaekfiect enforcing the condition in
equation 3.3 that the model covariates will exacdifect the weights of evidence
pattern. Figure 4.1 below illustrates the resulting impact on the data are
considering here using the logistic regression rhode

Figure 4.1: The log-odds to score relationship and score ttisttons when weights
of evidence are enforced in the logistic regressiatel.
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The score distributions are more regular underrtiethod despite some polarisation
among higher score values, though they remain sdwaieskewed, possibly because
correlation at a variable level (as opposed to &inalevel) is still possible. The
curvature of the log-odds is significantly improvetbwever the Gini is weaker for
this model — only 90% of that for the fully binnetbdel, a reduction in performance
that is unlikely to be acceptable in a businessrenment.

Our preferred corrective measure involves applyengretrospective non-linear
transformation to the model scores to correct thgature. Recall that any monotonic
(not only linear) transformation of score values d¢e applied without having any
impact on the model's ranking performance (and é¢ine Gini coefficient) at all. A

polynomial correction is not universally monotonit is likely to be very close to
being so across the range of interésture 4.2 below illustrates the impact on the
logistic regression model of applying such a cdroec— the score distributions
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remain irregular, but the curvature is correctedj there is only a minimal impact
(<1% reduction) on Gini which may be attributeda@anding error.

The only drawback of this method in a businessrenwment is operational, because
the correction must be applied after the scoressanemed. In many situations this
will not be an issue, but some of the decisioniygiesns on which scorecard models
are implemented will not allow retrospective namelr score transformations of this
kind after an additive score has been calculatad, even where this is possible a
significant number of end users of the score maygine be re-educated in its use.

Figure 4.2: The effect of applying a retrospective polynoniahsformation to the
logistic regression model to align the scores.
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5. Conclusions And Future Work

In this paper we have described and illustratedctimamon problem of a systematic
mismatch between a scorecard model's predictiodghenactual log-odds in the data
to which it is applied. It is our hope that thissalission will lead to a greater
understanding and awareness of the issue. We figentihe operational risk that this
can pose in retail banking given the wide rangeisds to which the actual inferred
predictions of scorecard models are put.

We have identified a number of underlying causeshef problem — these include
small data issues, the underlying properties ofddua, and in particular correlation
across variable bins leading to skewness of theegdistributions. Although it is our

hope that the arguments above will help to elueidla¢ problem, our discussion is by
no means intended to be fully mathematically rigsror exhaustive. In particular, we
have only considered the case of scorecards wlhievarebles are binned, and have
what happens when continuous variables are includedmodel. Our investigations

would suggest that while continuous variables a#ohta the ranking performance of
a model, they can have a severe and unpredictéiielet @n the log-odds to score
relationship (unless tightly constrained, as wikle tweights of evidence binning
method described earlier). Our discussions are latsted to linear and generalised
linear models used to distinguish between two elssthough this covers the majority
of models of this type used in retail banking.

Among the remedies that we investigated, we belibat applying a retrospective

non-linear transformation to the model scores hdas most promise, though this

may pose operational issues in some cases. Othmdres are possible, but many
will have some detrimental impact on a model'sgreniince due to the existence of a
trade-off between discriminatory power and prediticcuracy.
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