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Three questions a lender tries to answer.
For any account i :
Q1. What is the probability of moving from up to date (0) to 3 behind, any time in the first T months ?

Q2. What is the probability of moving from state 2 to state 3 in the next month, given that it has not
been in state 3 before?

Q3. What is the probability of moving from state h to state j between month s and month 7 ?
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Hazard probability

Example

2 (4, %; (1)) = 4, (t).exp(B' x; (1))
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Duration (age of account in months)

Advantages over static models

» Likelihood function incorporates censored cases
» Do not have to pre-define observation window (can predict for any duration time period)
« Can incorporate time varying covariates
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Two State Intensity (Survivor) Models of Default

Consumer: Banasik, Crook, Thomas (1999), Stepanova & Thomas (2002),
Andreeva, Ansell, Crook (2005), Bellotti & Crook (2009, 2012, 2013),
Djeundje & Crook (2017)

Corporates: Shumway (2001), Duffie (2011) Creal et al (2014)
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Business School Literature

Markov Chains

Ho et al (2004), Malik & Thomas (2012)

Multi-state Intensity Models

Methodology: Andersen et al (1993), Gagiardini & Gourieroux (2005)

Consumer: Leow & Crook (2014) Leow & Crook (2015) Djeundje & Crook (2017)
Corporates: Jarrow et al (1997), Lando & Skadeberg (2002), Duffie et al (2007),

Kadam & Lenk (2008), Stefanescu (2009), Figlewski et al (2012), Koopman
(2009), Creal et al (2014)
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Methodology: States CRCl:-

Four states defined: O, 1, 2, 3, according to number of months in arrears

RURS
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Methodology: Transition Intensities CRCl:

i (t)=

P(T, e[t,t+dt]|T, > 1)

dt

Kji (t) =Yy (t)ahjo (t)exp{ B-I!]-j X (t)}

e

|

|

Continuous time

Indicator for

whether individual 7

was in state A at
time ¢

Baseline transition
intensity for state
h to state j at time

Vector of unknown
regression

Vector of covariates
for individual 7

]

CoefﬂC'ents/

phjlt — th {g hj (t )+ th

Discrete time
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So far Py represents probability that case i in state h will jump to j assuming j is the only
state it can jump to.

Now include competing states i can move to (e.g. state 1toOor 1to 2 or 1to 1).

2 Methods:

« Estimate transition intensities, form generator matrix of integrated intensities, compute
competing probabilities using product integral (Leow & Crook: 2014, Leow & Crook: 2015,
Lando & Skgdeberg: 2002)

« Directly from transition probabilities (Promislow: 2006, Luptakova & Bilikova: 2014),
Dickson et al : 2009) — we follow here

Reason: computing time extremely large when estimating and including frailty using first
method.
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Two innovations

 Include random effects

» Use highly flexible function for baseline: B-Splines
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& | waesryoreomenen ACTUArIAlI Approach for Intensity modelsCR

Y[ Busnessschodl with random effects

Include random effects
Replace Pr(d, =1[x;)=p;, = F (gt )+xp+e)) & ~N(,c")

by Pr(Jp, =1[%;) = Py = %(g@taﬂx}t%jr o) G~ N(O.a8)

Notice T is duration time.

Flexible base line

Use B-splines for gy, (t.)

0, () =3 B, ere B/(t) are B-spline functions at points T and by = (by,....., b,
R Is a vector of unknown coefficients to be estimated

9/7/2017 Multi-state models for credit cards



“Ph° | UNIVERSITY OF EDINBURGH

8- | Business School Parameter estimation CRCl:

We wish to estimate th , bhj .
Let
1 if accountiisinstate jat timet, givenitwasinhatt-1

Y= (1) where ¥y, (6) = {O if account i is in state hat timet, given it wasin hatt-1
B= (ﬂhj 1 (h’ J))

u= (uhj,i (h’ J)’ i)

¢, = multivariate normal density

Joint likelihood of (Y,u)is

Liv.wy = (B.0,6) = Ly (B, u) x4, (6) where ¢,(c) ‘G_O'S‘GXD(—%uTo‘luj

and
L(Y|u) = (B,b,G) = HH H [phji (t)]yhji (1) y [1_ phji (t)]l—yhji (t)
(hj) t ieRy ()

R, =risk set for transitions fromhto jatt.

hj (t)

We wish to maximise the marginal likelihood

Max Ly, (B.b,6) = Max [ Lo = B.b,o)du
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5hji (t) = phji (t) X l__ Z phjl (t) + Z phkl (t) phrl (t) Z phkl (t) phrl (t) phSI (t) +.

k:tr::] Where
where where (h,k)ep
(h.K)ep (h.k)ep (h,r)ep
(h.r)ep (h,s)ep
_(1_ 501,i (t)) 501,i (t) 0 0 ]
5- (t) _ ElO,i (t) (1_ 510,i (t) - ElZ,i (t)) 512,i (t) 0
I 520,i (t) 521,i (t) 1- EZO,i (t) - 521,i (t) - 523,i (t)) 523,i (t)
0 0 0 1|

Probs that account i in state o; (t,) at timet, will be in state 0,1, 2, or 3at timet, are elements
in following vector, u(t,), given by the matrix product

n(t,) = [1{@ (=03 Lo, (t)-130 Lo, (-2 Lo, )= ]Pi (t,t,)

where 1 denotes indicator operator

L
P, (t,.t,) represents the cumulative transition prob matrix given by P (t,,t,) = [ [ P; (t)

t=t,+1
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Credit card accounts tracked monthly
 Application variables
» Behavioural indicators e.g. spending amount, repayment amount (if any)

e Macroeconomic variables
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Baselines

- Baseline01 - Baselinel0 - Baselinel2

Baseline20 - Baseline21 - Baseline23

7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 51 53 55 57 59

Time ( months )
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Baseline01

Baseline10

Baseline12

Baseline20

Baseline21

Baseline23

Time ( months )

Baselines

0.670063422

0.39413434

0.519319851

0.422334636

0.485856476

0.465796431

0.620532548

0.469221273
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0.453966231

0.501044362
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0.506004028
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0.520814071

0.48290017
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0.581275269
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0.433959145
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0.58773388
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0.555878049

0.522339265

0.428761574
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0.49877127
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0.516798551
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0.510710955
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0.399179658
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0.48822683
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0.698016689
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0.508604212
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0.502507169



Models

		

						0 ---> 1				1 ---> 0				1 ---> 2				2 ---> 0				2 ---> 1				2 ---> 3

						Estimate		p-val		Estimate		p-val		Estimate		p-val		Estimate		p-val		Estimate		p-val		Estimate		p-val

				NOCards		-0.00203		0.74113		-0.07825		0.00000		-0.00355		0.81033		-0.07001		0.06914		-0.05740		0.05163		0.00496		0.83534

				Lline		-0.00257		0.90828		-0.17827		0.00050		-0.20790		0.00012		-0.13250		0.39589		-0.08880		0.41276		-0.13390		0.14195

				TAAdd		-0.00053		0.60931		0.00389		0.10488		-0.00214		0.44479		-0.01031		0.16398		-0.02126		0.00009		-0.01613		0.00052

				TWBank		-0.00028		0.00088		0.00071		0.00030		-0.00053		0.02296		-0.00011		0.85226		0.00061		0.17904		-0.00097		0.01347

				TWBank_MU		-0.01593		0.56725		0.15277		0.01110		-0.11599		0.07285		-0.20898		0.25400		0.10732		0.40052		-0.16834		0.12570

				INC_L		-0.02379		0.08237		0.54793		0.00000		0.32042		0.00000		0.07866		0.47908		0.04297		0.59489		0.01262		0.85261

				INC_M0		-0.61684		0.00000		4.98667		0.00000		3.15349		0.00000		0.64005		0.55007		0.21811		0.77770		0.28909		0.65754

				HStat_B		0.21287		0.00000		0.04685		0.43474		0.16763		0.01030		-0.24418		0.18663		0.18846		0.14723		0.30347		0.00619

				HStat_C		0.20711		0.00000		-0.01643		0.80870		0.02693		0.71833		-0.68679		0.00156		-0.08602		0.55456		-0.03943		0.75316

				HStat_D		0.08514		0.00580		0.10385		0.12818		0.09681		0.19096		-0.11096		0.58185		0.28420		0.04855		0.08564		0.49276

				HStat_E		0.11331		0.00084		0.11474		0.14108		0.19299		0.02236		0.02637		0.91009		0.21394		0.20229		0.22377		0.12006

				ECode_B		0.06987		0.00409		0.11606		0.02443		0.18239		0.00135		-0.04359		0.77222		0.08935		0.40119		-0.11524		0.21852

				ECode_C		-0.06302		0.14621		0.35840		0.00081		0.41859		0.00176		-0.15039		0.68564		-0.24351		0.35962		0.00258		0.99059

				ECode_D		-0.25381		0.00000		0.03386		0.73297		0.15711		0.13913		0.35961		0.24083		-0.01109		0.95811		0.23009		0.21242

				ECode_E		0.01272		0.74449		-0.17426		0.04624		0.12770		0.16450		0.04712		0.85627		0.06562		0.71942		0.17376		0.26552

				Ageapp2		-0.04712		0.11673		0.10316		0.12831		-0.14662		0.03532		0.11271		0.58058		0.03262		0.81839		0.02275		0.85154

				Ageapp3		-0.09583		0.00597		0.07210		0.34601		-0.17511		0.02614		0.03575		0.87598		0.13456		0.39236		0.18962		0.16030

				Ageapp4		-0.14298		0.00020		-0.04307		0.60729		-0.16311		0.05929		0.19391		0.43196		0.00894		0.95817		0.07681		0.59866

				Ageapp5		-0.20071		0.00000		-0.13384		0.12544		-0.33347		0.00028		-0.08956		0.72924		-0.01898		0.91675		0.06681		0.66867

				Ageapp6		-0.18576		0.00001		-0.06558		0.47627		-0.19582		0.04426		-0.20324		0.45137		-0.13231		0.48659		0.00680		0.96655

				Ageapp7		-0.26471		0.00000		-0.00482		0.96091		-0.38456		0.00030		-0.32270		0.26811		-0.17713		0.38408		-0.15795		0.37071

				Ageapp8		-0.30367		0.00000		-0.14761		0.15629		-0.60847		0.00000		-0.23631		0.45778		-0.27359		0.23189		-0.11791		0.54838

				Ageapp9		-0.39779		0.00000		-0.08587		0.45086		-0.69845		0.00000		-0.38300		0.29546		-0.16769		0.51464		-0.14938		0.50199

				Ageapp10		-0.55124		0.00000		0.38793		0.00284		-0.96699		0.00000		-0.22156		0.60932		-0.25878		0.40002		-0.15960		0.54665

				CLI_L		0.07293		0.00000		-0.35547		0.00000		-0.32087		0.00000		-0.14235		0.06835		-0.46560		0.00000		-0.29759		0.00000

				PAY_L		0.06892		0.00000		0.05658		0.00000		-0.01436		0.08391		0.11332		0.00000		0.02680		0.10461		-0.02401		0.11913

				PDR		1.03301		0.00000		-1.20538		0.00000		-0.07350		0.13392		-1.76324		0.00000		-0.49325		0.00000		-0.53133		0.00000

				RJTO		0.94337		0.00000		-0.20783		0.03639		0.40893		0.00028		1.33864		0.00002		0.71873		0.00095		0.38390		0.05325

				RSTD		-0.04787		0.00974		-0.02293		0.62968		0.12416		0.03889		-0.23684		0.19907		-0.06363		0.58337		0.10005		0.38494

				RPIN		0.01536		0.00000		-0.02777		0.00160		-0.01236		0.27156		-0.08080		0.00878		-0.01582		0.42613		0.02070		0.27913

				AWEN		0.00809		0.00000		0.00041		0.87019		0.00185		0.54678		-0.00256		0.77150		-0.01178		0.04592		0.00394		0.47017

				FTSN		0.00023		0.00000		0.00015		0.24504		-0.00014		0.37554		0.00059		0.15340		0.00025		0.35865		0.00056		0.02877

				UERS		-0.01695		0.58110		-0.78134		0.00000		-0.35064		0.01587		0.00380		0.99303		-0.19384		0.46349		-0.43022		0.08404

				IOPN		-0.01106		0.00000		0.00344		0.24467		0.00292		0.42071		-0.01697		0.09460		-0.00435		0.51604		-0.01322		0.03343

				HPIS		-0.00228		0.03754		0.01382		0.00011		0.00426		0.31327		0.03300		0.00670		0.01071		0.17888		0.00191		0.79051

				CONS		0.00286		0.05828		-0.03924		0.00000		-0.01659		0.08327		-0.06023		0.02007		-0.01249		0.43875		-0.01251		0.42548

				CIRN		-0.14638		0.00000		-0.05160		0.37265		-0.05195		0.46439		-0.41081		0.04427		-0.11559		0.39565		-0.33361		0.00760

				MIRN		0.06748		0.03207		-0.79156		0.00000		0.09798		0.60559		-0.03585		0.94656		0.18661		0.56865		0.25497		0.41684

				LAMN		-0.34698		0.00000		0.69744		0.00000		0.21905		0.08812		0.95993		0.00788		0.50462		0.02669		0.36549		0.09045





Baselines

				Baseline01		Baseline10		Baseline12		Baseline20		Baseline21		Baseline23

		7		0.670063422		0.39413434		0.519319851		0.422334636		0.485856476		0.465796431

		8		0.620532548		0.469221273		0.519629156		0.453966231		0.501044362		0.475773981

		9		0.578569958		0.523172111		0.514748609		0.487151188		0.516779371		0.486795339

		10		0.544530656		0.557873324		0.506004028		0.520427315		0.532485032		0.49833183

		11		0.517920877		0.577006321		0.494727656		0.552313646		0.547589634		0.509849469

		12		0.497773872		0.584448319		0.48226369		0.581417711		0.561536163		0.520814071

		13		0.48290017		0.583864161		0.469960816		0.606511114		0.573789021		0.530696342

		14		0.472025364		0.578765252		0.459157645		0.626549718		0.583835524		0.538975258

		15		0.463853525		0.572641483		0.451171819		0.640632912		0.591181092		0.545138439

		16		0.457271921		0.568382577		0.446986704		0.648237291		0.595481508		0.548818282

		17		0.451898275		0.566333441		0.446322962		0.650066612		0.596955926		0.550203194

		18		0.447533253		0.566189482		0.448600043		0.647018531		0.59594767		0.54961496

		19		0.443978945		0.56763914		0.453247469		0.639900693		0.592785152		0.547370568

		20		0.441038934		0.570367038		0.45969723		0.629484144		0.587788398		0.543784594

		21		0.438518126		0.574056217		0.467377829		0.616548604		0.581275269		0.539171458

		22		0.43622254		0.578389923		0.475711356		0.601913352		0.573566512		0.53384704

		23		0.433959145		0.583053145		0.484113633		0.586451238		0.564989147		0.528129492

		24		0.431535832		0.58773388		0.491996557		0.571086694		0.555878049		0.522339265

		25		0.428761574		0.592123986		0.49877127		0.556781807		0.546575837		0.516798551

		26		0.425505207		0.595971465		0.503972076		0.544335359		0.537387206		0.511780537

		27		0.421870193		0.599235013		0.507621344		0.53381566		0.528443184		0.507358776

		28		0.418017749		0.601925223		0.509864115		0.525092435		0.519830706		0.503556299

		29		0.414107822		0.604052065		0.510845645		0.51802277		0.511636027		0.500395586

		30		0.410298767		0.605624819		0.510710955		0.512455889		0.503944328		0.497898716

		31		0.40674719		0.606652018		0.509604761		0.508236402		0.496839442		0.496087505

		32		0.40360798		0.607141428		0.507671594		0.505206392		0.490403716		0.494983633

		33		0.401034601		0.607100041		0.505055987		0.50320668		0.484718027		0.494608746

		34		0.399179658		0.606534087		0.501902629		0.502077527		0.479861924		0.494984526

		35		0.39819574		0.605449071		0.498356442		0.501658977		0.475913912		0.496132715

		36		0.398171591		0.60389649		0.494575017		0.501805734		0.472922815		0.498043944

		37		0.398938145		0.602114569		0.49076582		0.502431395		0.470821292		0.500584158

		38		0.400262665		0.600389575		0.48714864		0.503464272		0.469513369		0.503588001

		39		0.401912397		0.599009408		0.483942919		0.504832658		0.468903542		0.506889963

		40		0.403653709		0.59826306		0.481367636		0.506464823		0.468896712		0.510324453

		41		0.405251724		0.598439437		0.47964137		0.508289019		0.469398077		0.51372593

		42		0.406470423		0.599825545		0.478982574		0.510233492		0.470313001		0.516929054

		43		0.407073154		0.602703894		0.479610016		0.5122265		0.471546904		0.519768806

		44		0.406823553		0.607348869		0.481743259		0.514196338		0.473005166		0.52208053

		45		0.405486856		0.614021569		0.485602951		0.51607136		0.474593069		0.523699858

		46		0.402905834		0.622810941		0.491306147		0.517788193		0.476228354		0.524507529

		47		0.399223679		0.633183286		0.498551521		0.519316312		0.477879008		0.524564131

		48		0.394659282		0.644460943		0.506930348		0.520633424		0.479525567		0.523974936

		49		0.389431355		0.655988457		0.516030677		0.521717254		0.481148548		0.522844995

		50		0.383756984		0.667142963		0.525438757		0.522545534		0.482728446		0.521279278

		51		0.377850296		0.677340404		0.534741504		0.523095987		0.484245749		0.519382788

		52		0.37192132		0.686035491		0.543529282		0.523346314		0.485680931		0.517260638

		53		0.36617514		0.69271401		0.551398165		0.523274172		0.487014467		0.515018089

		54		0.360811493		0.696876934		0.557950877		0.522857165		0.48822683		0.512760548

		55		0.356024912		0.698016689		0.562795851		0.522072826		0.489298499		0.510593537

		56		0.351985725		0.695762755		0.565651411		0.520913785		0.490216503		0.508604212

		57		0.348782809		0.69039016		0.566662252		0.519433316		0.490994063		0.506805989

		58		0.346485674		0.682311939		0.566074744		0.517699896		0.491650961		0.505193807

		59		0.345165579		0.671932075		0.564131041		0.515782067		0.492206988		0.503762573

		60		0.344896718		0.659668966		0.56107109		0.513748458		0.492681945		0.502507169





Baselines

		



Baseline01

Baseline10

Baseline12

Baseline20

Baseline21

Baseline23

Time ( months )

Baselines




Variable

Number of cards

Landline Y/N
Time at address
Time with bank

Time with bank,
missing

Income, In
Income, missing

Housing type
(categorical)
Age group (categorical)

Employment status
(categorical)

Credit limit, In, lag6
Repayment amt, In,
lag6

Proportion of credit
drawn, lag6

9/7/2017
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Recovery type

= n n
n = n
+ n n

Variable

Rate of total jumps, lag6

Improvement in state
from 3 months previous,
lag6

RPI, NSA, lag6
AWE, NSA, lag6
FTSE, NSA, lag6
Unemployment rate,

SA, lag6
IOP, NSA, lag6

HPI, SA, lag6
Consumer confidence,

NSA, lag6

Credit card IR, NSA,
lag6

Mortgage loan IR, NSA,
lag6

Total credit outstanding,
In, NSA, lag6
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= | Business School DiagnOStiCS CR(C| =

Jump O1 10 12 20 21 23
Gﬁj 1.14 1.59 0.98 2.36 1.78 1.94

Deviance residuals all within 2 sds of mean for (virtually) all time periods for all transitions
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Business school - Average predictions by covariate value CRC

Use test set (accounts opened 2008 onwards)

For a given value of a covariate eg age, for each account for each transition type (h, j) € g

« simulate values of a random deviate Uhji from N(0,5'hzj) where o\, are from the estimd eqtns
- add to linear predictor of Py;(t) to get Py, (t)

» for each t take average over i

* Repeat for each value of the covariate
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Predicting transition probabilities by employment category

Retired, Unemployed (grey) low chance
of bec more del, high chance of recovering.

11
9/7/2017
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Predicting transition probabilities by age at application

0--->0 0-->1
0oq Older (brown) less likely to miss 1, or 2,
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Y | Business School employment type for typical account opened in January 200

Credi
Re. f5:
Centre

%\ | universiTY oF pvsurg Cumulative transition probability matrix, P(6,12), by gRC

To state

0 1 2 3
0.9020 0.0634 0.0167 0.0179
0.7703 0.0591 0.0242 0.1463
0.3361 0.0333 0.0256 0.6051

0 0 0 1
0.9040 0.0595 0.0198 0.0167
0.7569 0.0572 0.0357 0.1501
0.3207 0.0365 0.0470 0.5958

0 0 0 1
0.8960 0.0561 0.0207 0.0272
0.7080 0.0497 0.0290 0.2133
0.2489 0.0242 0.0260 0.7009

0 0 0 1
0.9698 0.0235 0.0034 0.0032
0.8983 0.0246 0.0123 0.0648
0.3529 0.0213 0.0424 0.5834

0 0 0 1
0.9351 0.0287 0.0110 0.0252
0.7021 0.0241 0.0113 0.2625
0.3099 0.0123 0.0071 0.6708

0 0 0 1

Employment A |From state

Employment B |From state

Employment C |From state

Employment D |From state

Employment E [From state

W NERP, OWNEREPROWNERPRPROWNREROWNELO
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ausness school Predictive Accuracy CRC|

~ ~ b
P, (t,,t,) represents the cumulative transition prob matrix given by P, (t;,t,) = H P, (t)

t=t;+1
Let P.o» Pia» Pica» Pics deNote predicted competing probabilities that an account will be in state 0,1, 2, 3at timet,

givenit wasinstate k att, thatis the elementsin row Kk in ﬁ (t,.t,)

To predict state need to compare predicted probabilities with cut off,

At t,we perdict account i will be in state j such that

Py —Cy = Max{Pyo = Ceos Pie —C1s Pz — Crzs Pys — Cyad

where
Co Cir Cy2 s @S the mutidimensional maximisers of f, where

1
fk (ao’ al’ 32,33) = N (t ) _ Zl{éi (tlag,81,85,83)=0it, }
o :/(/ith
5; (t)=k
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‘ CRC =

Standardised discrepancy pkj — ij _ max{ Pio = Co Pia—C P2 —Cxr Pys— CkS}_
Skj Sko Si1 Sk2 Sk3
Cumulative discrepancy Py —Cy Pvo = Cko Pir —Ci Py =Cxno Pys— CkS}

= max{:

Cyi

q Cvo Cis Cy2 Cys
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Predictive performance

Credit
Research
Centre

No random effects With random effects
State at discrepancy  stand. relative discrepancy  stand. relative
time 6 discrepancy  discrepancy discrepancy  discrepancy
0 89 90 89 90 90 90
1 72 73 72 72 72 72
2 63 62 62 63 63 63
9/7/2017 Multi-state models for credit cards
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Business School COﬂClUSionS CR(C| =

Survival models are the second generation of credit scoring models.
Multistate intensity models are the third generation.

Multistate intensity models yield predictions of transition probabilities between
delinquency states. They are useful for IFRS9, the prediction of provisions and for
economic capital prediction.

Including frailty in multistate intensity models

e substantially increases estimation times so need to move from continuous time
models to discrete time models

» alters coefficients noticeably and renders many covariates measured for each
account insignificant

» leads macroeconomic variables to be significant

* Increases prediction accuracy.

Use of B-splines gives more accurate predictions than more restrictive baseline
functions.
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